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Some formulas are developed which facilitate computation of two-center overlap and Coulomb integrals
with noninteger principal-quantum-number (n) Slater-type orbitals by the Fourier-transform convolution
technique. A conceptually simple, closed-form analytical expression for the overlap and Coulomb integrals
with integer-n Slater-type orbitals is also given.

INTRODUCTION

ONINTEGER principal-quantum-number (1) Slater-type orbitals (STO) provide a simple but more flexible
basis for molecular quantum-mechanical calculations than integer-» STO’s. But the large body of formulast—$
developed for the evaluation of two-center integrals for integer-n STO’s does not generally apply to noninteger-n
STOQ’s: # 1s invariably used as an integer, e.g., as in a polynomial of degree % or in an #-step recursion formula.
The purpose of this article is to point out that the Fourier-transform convolution-theorem method, employed
recently by Prosser and Blanchard® and by Geller,'>™ provides a convenient method for evaluating two-center
noninteger-x integrals of the Coulomb and overlap type, and explicit formulas for the necessary Fourier transforms
are developed. As a bonus, some interesting expressions for the integer-z integrals are also obtained.

SOME DEFINITIONS

The Fourier-transform convolution theorem!® replaces a one-electron two-center overlap integral by an integral
over the Fourier transforms:

v @x(z—R) = (2 [ #k3* (W) () exp(ik-R). (1)

The vector between the two centers is denoted by R, the asterisk denotes the complex conjugate, and ¢ and %
denote the Fourier transforms of ¢ and x:

3(8) = [aV explik-r)o(0),

%(8) = [V exp(ik-D)x(0). @)
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The matrix element of a two-electron operator between two one-center charge distributions is reduced from a
six-dimensional to a three-dimensional integral:

/dVl aVy* (1) h(r)x (r2—R) = (27r)"“/d3k$*(k)5(k)i(k) exp(tk-R). 3)

In the case of the STO’s, the nuclear attraction, kinetic energy, and matrix elements of powers of coordinates are
essentially equivalent to overlap integrals. The most important two-electron integral is of the Coulomb type,
for which A(r) =rs! and h(k) =4nk2.

A normalized STO is given by

Ynim (1) =Nogr" ' exp(—{7) Yim (8, ¢), (4)
where ¥ (6, ¢) is a (complex) spherical harmonic and N a normalization constant:
Nu=(26)H[T (2n+1) T ()
I'(x) denotes the gamma function. A Slater-type charge distribution is given by
Puimg (T) =M ugr~ exp(—¢r) Y im(6, ¢), (6)

where three possible conventions for M,y are

Mz (Roothaan?) =[(2i4-1) /4x J2%"*2/ T (n+14-2), (7
M, (Ruedenberg®) =[(2/41) /4n P21 (n+2) T2, (8)
M .y (unit multipole) =¢»+42/T (n-+14-2). (9

The definition of Eq. (9) makes p.iz(r) correspond to a charge distribution with a unit multipole moment® of
order I, m.

BASIC FOURIER TRANSFORM

To use Egs. (1) and (3) to calculate overlap and Coulomb integrals we need the Fourier transform of
"t exp(—{7) Vim(6, o) :

F ot (k) E/dV exp(tk-r)rtexp(—{r) Yim(0, o). (10)

The integral for Fnumg(k) is easily evaluated. Using the expansion® of exp(ik-r) in spherical Bessel functions
and Rayleigh’s formula'™

Ji(x) = (—x) L2~ (d/dx) J(sinw/x), (11)
we obtain (6, and ¢ denote spherical polar coordinates in k space) explicitly

Fnl'"{'(k) =f"l§'(k) Ylm(eky @k)) (12)
Jure(R) =41ril/wdrr”+1 exp(—¢r)7i(kr)dr
0

=47’ (n—14+1) (—k) [ E1(d/dk) T (1/2ik) [ (¢ —ik) 1 — (¢ +ik) 1], (13)

18 T, D, Jackson, Classical Electrodynamics (John Wiley & Sons, Inc., New York, 1962), p. 99.

11 Handbook of Mathematical Functions, M. Abramowitz and I. A. Stegun, Eds. (National Bureau of Standards, Appl. Math. Ser.
1};10. S?i(}gi,%)):((fg {).1%4)10, Eq. (10.1.47); (b) p. 439, Eq. (10.1.25); (c) v. 439, Eq. (10.1.19); (d) p. 439, Eq. (10.1.22); (e) p. 437438,

qs. (10.1.8)~(10.1.10).
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Equations (1)-(13) yield the following expressions for the overlap and Coulomb integrals:

S nilimifi;ng lzmzi’z(R) = / d V'P*mlmﬁ’ 1(1‘) ‘l’nzlzmz!'z(r "R) (14)
= Nt Nogs(20) ™ [ PRF it (6) Pooms () exp (k- R) (15)
i+l
= N1 Nngga (27 71 i (b, m2; by ma)
A= lp—lal
X (2)\+1)*(41r)”*Y)‘"‘2—m‘(0R., ‘PR) i)‘/ dkk%f*mllh(k)fnzlzrz(k)jk(kR) ’ (16)
0

Critgmys; nzlrnas‘x(R) = / avifd V2P*1u lmidy (rl) ’12_1Pnzlzmzh(r2 _R) (17)

htls

=M i1 M ngtogy 21 i (I, ma; by, 1)

A=|l1—l2

X (A1) ST 05, 00) |08 Posss (B RV (ER), (18)

0
where 0z and ¢g define the direction of R, and (following Condon and Shortley'®) the ¢*(l, m,; L, m1) are

(A1) (dm) M (I, ma; by, ) = / AV i Vymms) ¥ s, (19)

Equations (16) and (18) give the overlap and Coulomb integrals in terms of one-dimensional integrals whose
integrands are the product of two Fourier-transform radical functions and a spherical Bessel function. The S
integrand differs from the C integrand only by a factor (4n/k%)~L

There are some recurrence formulas that can simplify the calculation of far (k). From Eq. (13) it is seen that

Juag (k) =—i{(d/dk) —[(0—1) [k} for.122 (k). (20)

By substituting certain recurrence formulas'”e:d for the j;(kr) in Eq. (13) and integrating by parts, one also finds
Jrag(R) =i[(21=1) /k]fo,115(B) Hfnaa (), (21)

Jang(R) =i (20=1) /(n=I+1) JC&/R) fu.1£ () +L(n+0) / (n—141) Ifn 12 (R) . (22)

A few f.,1s are given below. We have also defined f»,—1,1, because of its inherent simplicity, from f, 04 and fa1¢
with Eq. (22). Any f..1; can be expressed in terms of f, 1 ; and f, 0 by repeated application of Eq. (22):

frmrg=—2miT (n+ 1) L (¢ —ik) 4 (§+ik) — 1], (23)
faop==2miT (n+- D[ (§—ik) ™ — (§+ik) ™), (24)
fang=2aT () kZL(¢ —ik) ™ — (£ +ik) 7] —=2aiT (n+-1) k7L (¢ —ik) ™+ (¢ +ik) ™). (25)

Since there are very simple formulas® for calculating 7\ (k7), and by virtue of Egs. (24), (23), (22), (18), and
(16), it should not be difficult to program for a computer the overlap and Coulomb integrals for arbi-
trary (m, b, {1, 12, by, £2) for which the original integrals converge.

Note that (—4) ¥,y is real and is an even (odd) function of £ when [ is even (odd) and that in S and C [Egs.
(16) and (18)] the coefficients of the ¥y are real. At the origin

fnz;(k)—:0—>k’[2’+21ri’§—l-"-21‘(l+1) I'(n+i+2) /T(2142) . (26)

18 E, U. Condon and G. H. Shortley, The Theory of Atomic Spectra (Cambridge University Press, London, 1935), p. 175, Eq. (6).
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When # is an integer, the only singularities of f.;;(k) are poles of order n+1 at k==i¢. When # is not an integer,
k=i are branch points.

ASYMPTOTIC BEHAVIOR OF THE COULOMB INTEGRAL: R—x

Since the asymptotic behavior of a function is governed by the singularity of its Fourier transform nearest
the origin, we recast Eq. (18) for the Coulomb integral as a Fourier transform. We use the information that
(s, mz; b, m1) =0 when A4+ is odd, that all the integrands in Eq. (18) are even functions of %, that a singu-
larity at the origin can be “forced” only for the A=0+-J; term, and that j,(kR) is given by Eq. (11). The behavior
of C(R) as R goes to infinity is given by

Cortimigy; natgmats (R) ——M p g, M gt 7Y 1,117 (Or, or)

R

X (2h+28+1) 2t (ly, my; b, ) iirtee f mdkf*mlﬁ‘l(k)fnzlig(k)jlﬁlg(kR) (27)
0

=M nieiM gty in 3 114 1," ™ (O, @r) (25420 1) 2Ly, mg; by, my)
1 d L+l ©
Xtz — R) bt (7{ d—IE> R1(4:)~ /_ Akf*unigs fagt o1 exp (RR) — exp(—ikR) ].
(28)

The nonexponential part of the integrand has a simple pole at £=0, so that the long-range behavior of C(R) is
just (277) times the value of k=4=5*, ;0. frope, at k=0:

C(R) —>R'“l"_lrlj'l_ll_”l_2§'2_lz_"2'—2Y11+12mM1 (0}3, (pR) MmzlnMngz,g-28‘lr!(211+2l2+1) %C“'Hz(lg, My, ll, ml)

(— 1) 12(2l1+2lz) 'll ’lg 'I‘(ll+n1+2) I‘(l2+n2—l—2)
(h+8) 1(20+1) 1(2,4-1) !

=R Y 1y, (O, or) 8t(—1) 12tm
XB 2 Moy (20 1) 7 (na+2) 152 M iy (25+1) T (tma+-2) ]
X (211+2l2+1)‘5[(l1—|—l2—m1+m2) !(l1+l«_;+m1-—m2) !:I*I:(ll"‘fm) !(ll—ml) !(l2+m2) !(lz—mz) !]—%, (30)

where in Eq. (30) we have evaluated ¢'tt%2(ly, ms; h, m1). One can recover O-Ohata and Ruedenberg’s® result by
setting Op =¢r =0, m1 =my=m, and multiplying by (—1)tme,

(29)

WHEN 71 AND »n, ARE NOT INTEGERS

When 7, and 7, are nof integers, the integrands in Eqs. (16) and (18) have branch points at k=i, il
A typical integral [cf. Eqs. (13) and (28) ] involves

cot1e

f ik exp(kR) (F1-ik) 1 (fo—ik) kY, (31)
—oot-1e

where », v, and N are nonnegative, » and v; are not integers, and N 4s an integer. This integral (31) can be ex-

pressed as an infinite sum of confluent hypergeometric functions, but we have not found a closed analytical expres-

sion for the general case.® When R=0 (one-center case) or when for C(R)n; =l =m=¢;=0 (Coulomb attraction

to off-center nucleus) both Eqs. (16) and (18) can be integrated analytically to give expressions already in the
literature.?

WHEN #7; AND 5, ARE INTEGERS

When 1 and #, are both integers, the only singularities in the integrands of Eqs. (16) and (18) are poles of
order n;-+1 and no+1 at k=if; and ife (if f152¢) or poles of order #y+ns+2 at k=44 (if f1=¢=¢). Since
there are no branch cuts, the integrations can be carried out immediately by contour integration and the residue

9 One special case has been given, however, by M. Geller, Ref. 10, Eq. (21).
®H. W. Joy and R. G. Parr, J. Chem. Phys. 28, 448 (1958).
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theorem.”® After a little algebraic manipulation one can obtain some master formulas giving all the integer-n
overlap and Coulomb integrals in terms of derivatives of an algebraic expression and an exponential. These ele-
gantly horrible results are:

for fix£¢s,
Snxlzmmmzzzmﬁ’e(R) =Nm§1ant2( -1) gt ("l"ll) !(%2"52) !

Bl
X ig (A1) MLy, mg; by, my) V=18, ¢) RN R(d/dR) PR

Ae=jl1—12]
X (/1) (/) |amgy (2= £2) PHIRIHM exp( —R) [ (6 ) Joar (3= 5) Bt
X ([ (0 ) T [ (febae) vt — () ot ]
- (1/m21) (/) |y () PPt exp( — ) { [t (d/ ) Tt (g =) )
X (L (d/d2) T () Bt — (1 — ) Bt} (32)
Contmsnatgts(R) = [R50 termFa. (30) 1) — MagsreM s (— 1) b (m—15) 1)
XS (ON1)Il, 1 b, ) Ty (65, o) LR (d/dR) PR

N Irt]

X (/1) (4/d) ™ o (5—2) ¥t exp(—aR) { [ (d/ ) T (fa—) o=t

X {[a(d/d) T [ (§ota) et — (Sp—a) )

4 (1/121) (d/dx) ™2 | gy (= {2) Pl e1 exp (— g R) { (271 (d/dx) T2 (fa—x) oot}

X { Lo (d/d) 1 [ (rrb) bt = (f—a) Bt ) (33)
and for f1=5=¢,
Snitpmitingtymat (R) = = NpgNngg (— 1) it (1~ 1) 1(ma— 1) !

Ltls

X S% (A1), 3 by 1) Ve (6, o) LR (d/dR) PR
Yo} 2y—la|
X[ (mtng+1) 1T1(d/dx) rrtrett | (g —§) mbnatightisdH exp( —xR)
X {[x“‘(d/dx) ]llx’"l[(g'_}_x) I1—nt~1... (r.q_x;) ll—m—l]}
X { [ (d/d) o [ (§ ) met = (§ =) ot ), (34)
Crstmstinatmg (R) = [ R term[Eq. (30) 1} MM nr (— 1) M4t (01— 1) ma—1) |

Ii+-1

X (A1), s by ) Ve (Op, ) RLR-(d/dR) PR (my-mart 1) 11

Nz Ly-l2)

X (d/dx)mtnetl | (x—{)mrinat2glitledl exp(—xR)

X[ (d/de) o [ (§4-2) imit = (§ —a) Bt}

X {[at(d/dx) Pra [ (o) ot = (§—a) = ] (35)
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