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so that
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The result then follows immediately from Eqs. (59) and (60) of I and Eq. (11), that
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The three-center integral of r;™1, with each electron described by a two-center product of integer-z
Slater-type orbitals, is evaluated analytically. The result, obtained via the Fourier-transform convolution
theorem, is an infinite sum involving spherical harmonics for the internuclear angular coordinates and ex-
ponential integral and spherical Bessel-type functions for the internuclear distances. The two-center exchange
integral is evaluated as a special case. All results given are for general values of the n, I, m, and ¢ parameters
of the Slater-type orbitals.

(STO’). The basic techniques used in evaluating the
integral are the Fourier-transform convolution theorem,
expansion of an STO on one center about another,

INTRODUCTION

In this third paper of a series! on multicenter integrals,

analytical formulas are derived for the general (2-2)-
type three-center two-electron integral of the Coulomb
interaction ;! with Slater-type atomic orbitals
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1 The first two papers in this series, hereafter referred to as I and
II, are H. J. Silverstone, J. Chem. Phys. 48, 4098, 4106 (1968)
(preceding papers).

evaluation of products of three spherical harmonics in
terms of Condon-Shortley coefficients, contour integra-
tion, and the residue theorem. The reader is referred to
paper I for a discussion of how these techniques relate
to the multicenter integral problem and for appropriate
references to the literature.

The most complicated functions which appear in the
formulas are Condon—Shortley coefficients, c* (i ; lam,)
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[Eq. (14) of IJ; various versions of the exponential-
type integral, E,(x), En(x), an(x), &.(x) [Eqgs. (21)~
(25) of I]; and modified spherical Bessel functions,
g1(x) and %,(x) [Eqs. (15) and (16) of I].

The formulas are derived for general values of the
quantum numbers and orbital exponents of the STO’s
involved. Analytical formulas for the two-center ex-
change integral, which is a special case of the three-
center integral, are obtained gratis?® at the end. The
reader interested only in the final results is referred to
Egs. (1), (2), (1), (11), (16), (17)-(20), (21)-(23),
(42), and (43).

FORMULATION

The (2-2)-type three-center integral is first defined
and then formulated as an infinite sum of one-dimen-
sional integrals in this section.

The (2-2)-type three-center integral of 71,7 is defined
by

I"c temete nalamataingloma s no lymads ((RI; (Rz)
~ (NNNND) a7V

X [‘I,*nc lemes, (1'2) \I,‘nd lamata ( Ih— 32) ]*

X ¥ tamato (1) Wy tymaty (1—®1) ], (1)

= cd;ab(mly a‘.!), (2)
where the STO ¥, (1) is defined by

Yot (r) =Nr~t exp(—¢r) Yim(6, ¢). (3)

The N is a normalization constant factored out In

Tl lidladle  l2tls L

g (R, Rg) = Z

=0 M=|l1—1b]

111 4109

Eq. (1), the # is an integer which satisfies
n>141, (4)

the ¥(6, ¢) is a spherical harmonic, and (r, 8, ¢)
are the usual spherical coordinates of r.

Note that in Eq. (1), electron 1 is described by a
product of STO’s centered at the origin and at &,
while the STOQ’s of electron 2 are centered at the origin
and at ®, [thus the name (2-2)-type three-center
integral].

As in I, the integral I.4,s can be replaced by a three-
dimensional integral over Fourier-transform variables
[cf. Eq. (5) of T],

Toason(Gt, Ra) = (2m) f Pk(drk?)

X G*n, lometoinalamata ( k; (R'?)
X Gn.l,,m.,r.;m Lmals ( k’ al) . (5)

Here k denotes the Fourier-transform variables, (4rk—2)
the Fourier-transform of 7,7}, and

Gnalam/;{a;uolbmbh(k; al) = (NaNb) _1/dV

X eXp(ik' l') ‘I’*nulamui‘a(r) ‘I,ﬂb Iymss (r'—al) . (6)

In Egs. (19) and (30) of I, the two-center Fourier-
transform Gn,iom.te:nslsmots (K, ®1) 1s expanded in terms
of spherical harmonics of the angular variables, 6, and
¢ of k, and “radial” functions of 2= | k|. With this
expansion substituted for each of the G’s in Eq. (5),
and with the angular integration over 8 and ¢ carried
out, I.q4.. becomes

minfli14-2s.724 0}

ol (204 1) (20+ 1) J2cM (Lmy; L)

lo=0 Ae=|lo—ld]l mi=—11 A=max{]li—lal [lo—lc|}

X M(lama; L, myt-me—ma) A (lymy; lama) ¢ (Lo, myt-me—m; Im,)

X P (G(R » P& 1) ¥y 2md_m°+ma—ml* (O(R » P& 2) ch;ablm; lahsid ((Rla (R2) .

Here (®, 05, ¢a) denote the spherical coordinates of ®,
and

Lap" 1258 (R, Ry) =3 (—1)2(2A+1) 772
X/ dehhle""h”b{b(k’ (Rl) Gl 2 2ldA"crmd“(k9 6{2) ) (8)

where Gy i,a™ %2 (k, ®;) is defined by Egs. (20) and
(30) of I. In obtaining Eq. (8), we have also used the
relation, valid for real &,

[Granataa™dend3(k, By) TF = (— 1) AGipngrnS 4 (k, Rg),
(k real), (9)
and that the integrand in (8) is even. In Eq. (7), the

2 Courtesy of the National Science Foundation, which is paying
the page charges.

(7

following restrictions on the summation indices are
implicit:

htMt+h

is even,

latNtlg

is even,

ll+l2+la+lc

is even,
htl+A

is even,

Vh—la | <l

o=l | <h+la. (10)

Examination of Eq. (30) of I for Gia ,a"sdems5(k, Gy)
shows that T4, %8(®,, ®y) [Eq. (8)_] decomposes
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naturally into four terms,
ch;abll)\l;lz;A((Rl, (Rz) =JOLJOL IO JD, (11)
The I? are defined by

0 d \m—b d \?% d\4
IO =— (2A+ 1) ( —_ 1) l\+lb+lz+ld1r—1/ dk [(—;i};) ({b—ld_h) g-blb+lg)‘ l(g-b(pu) g—bll (rb_IE) g—b—lmlna—A—h]
—c0 b,

d \mt 1 d\" latl ! , @ h
—_— ~1_ 2 —1_ —1mD ne—A—1l2
X [( di‘d) (ﬁ'd dg‘d) ¢, (CaRe) Fa (ﬁ'd dg‘d) (a 'Ry ]

X (kA (k_ld/dk) ARt { EA+1 1+1—"¢a[(§.ﬂ+§-b— ik)(ﬁlj ""EA+l l+1’-‘ﬂn[(§_u+§‘b+ ik)al] } )
X (k4 (k'd/dR) "k Enviaprn[ (§et$a—iR)Ro]— Esrrorin [ (FetTatik)Re]}), (12)

I®=—3(20+1)(~1) z1+zb,r—1/°° QR+, (sB) + =+ o+ Kony(Fa®ia)  ++ ]

—c

X (k2 (k71d/dR) M { Erripirno[ (§aF 66— i) ] — Enyr i1 [ Gat-bot-ik)R1 1))
X (kA (k3/dk) S Bavrpan [ Gt fa— i) Re]— Esrrpian.[ (CotCat i) Re]
—Errianal (G ta—ik)@ I+ Bt n[(Co—Fatik)®T}),  (13)
where in, say, [ -+ + X ,(£a®2) « « - ] the dots stand for ®*2—! and the derivatives, etc., with respect to the {’s which

are present in the corresponding factor of Eq. (12),

19 =~ A4 1) (— D)ttt [ BR300, (50 < e+ 9nalGiis) -]

X (kA (k~'d/dk) 2k {EAH ritena (Catto—1R)R1] —Era wienal (CaTEr k)R]
—Estirn o= —iB) R+ Erirn [ (o= Hik)R0 T} )

a X (kA (k7d/dR) k7 Exrigirn L (et Ea—iR)Ro]— Ertrapion (S atik)Ra]}), (14)
an

190=—32A+Da [ G-+ 30, (0 -+ T+ Bons(5) -]

X (kA (B1d/dk) e Brgygnn Got-to—iR) Q] = Esragr a[(Sat-toHiR) O]
— Bt Ga—5—ik) I+ Baprrn (Ga—$otik)R1]))
X (k2 (k7d/dR) % Ervigtarn[(Set-a—iR) O] Enpizprn [ (Fet-Eatik)Ra]
—EBrpisrin [ (Co—Fa—iB)Ro]+ Eaprppin (fe—tatik)®e]}).  (15)

The problem of evaluating the integral of Eq. (1) has thus been reduced via Egs. (7) and (11) to the evalua-
tion of four one-dimensional integrals, Eqs. (12)—(15). These final integrations are carried out, after considerable
manipulation, by the residue theorem. The results are stated in the next section.

RESULTS

So as not to lose the cart behind a herd of horses, we first give the results of integrating Eqs. (12)-(15) and
postpone the tedious details to the following section.
Restriction: The formulas given are valid only when ®;>®,. This is no loss of generality, because from Egs. (8)

it is clear that
ch; abh)‘l; l2hzi A ((Rh (RZ) =Inb; cde)‘z; LAz A ((Rh (Rl) ’ (16)

which can be used to interchange the roles of ®; and ®,.
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The results are
IO =4 (— 1) btiwkietlal (—d/dpy)mb(§57d/dgs) W, (G8) 668 (§571d/di) B o4 ]
X[(=d/drayra=tal g/ dga) 9 a9, (FaRe) § a2 ($a7'd/ dEa) a7 R
X @24 (Ra/Gr) M| g a1, [ (Cat 6) R Bt tgiion. [ (et Ca)Ra]— Gy (= d/ o) nti™h
X (fat0) " Ensistion Gat-SoHEe b€ )R]} 0 an st (St a) R Entisronal ({ot-$0) Ol
—Roir e (—d/de ) A (St a) P Errtn (Gt St et fd®}),  (Ba2®e), (17)
IO =2(—1) B[ (—d/dsy) " (S57d/dgs) W9, (CoRa) §611 (71 /dl) Moy Ry 1 ]
X [(—d/dta) t(sa7d/dEa) 4 Ry (Fa®Re) § a2 (SaMd/ A a) o a Rene 1 ]
XOAHMEp 111, [ ot 0) ] (@ atol (FetEa)Re]—Gnopat[Se=Fa)Gal}y  (12R0), (18)
I® =2(—1)wHa (—d/dg) ™ (571d/dis) BE 15, (®R) 81 (F571d/dgs) s Rymet 1]
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X [Bsstirin[Gat ot tet )] —Enprpriond (fa—fot-Setfa)Ru]
— (/@) e ( By pn L Sttt £ )R Briipnl Ga—fot- et s 00 ]
FQui+ine(—d/dg) nat s (Fat§8) T (Eaprppron [ (fat-Cot CotCa)Re]— Esrtnrin [ $et-$a) Be]
— (/@) e} By iyprn [ (FatEot-§etEa) O] — Envtznin (et Ea)u1})
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(19)
and

IO =[(—d/ds)™b(s57d/dsy) B M3 (§30) 1 (5570 dgy) U Guret 1 ]
X [(—d/dga) s="4(¢a7d/dSa) 4515, (§a®Ra) a2 (Sa'd/ A a) S d ' Rene 1]
XARLA  neyat [ (CetTa)Re]—Gmerrto[ (Fe—Fa)Ra}
X Erri41-nL (Gt 0 R —Eariprn[Fa—E)Bi]
— (Q/®e) M1 me Bpyypan, [ (Fat-0)Rad~ Eaviipion (Fa—E)®e]} IR+ (—d/dgy) math—h

X ((Fat0) U Errtnrrn [ CatSotEetEa) Rel— Barrpian [ (Ea)®e]
—Eripnn [ Gat oot ee— )R I+ Bayinaa [ (fo—$a)Re])
= (a— ) HErtarin (Fa—tCet CO R — Eavionnl (Gt £a) e
—ErpippiaLGa=Sotte—ta) BT Enviraa [ (fe—Ca)R})
“f—(Rz‘H—lr"”((Rl/(Rz) Atli—nag ( — d/dfc) netA—12
X ((Fett0) M EBrviipnl Gattottet-Ea)Rel— Barrpinn [ (Fat§u) Rs]
— Bl (o=t Eet £ )R] Enrtron (Ca— )R]}
— (te—ta) M EB st 1n GattotSe— ) Rol— Enrrprn (Fat-50)Re]
—Ennnl oot 0]+ Enin [Ga—10)®0))),  (R2®s). (20)
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Note that in any one of the expressions enclosed by the bold-face brackets in Eqgs. (19) and (20) all the E,
functions can be replaced by ¥, functions, and vice versa. Conceivably there are computational situations favoring
use of one function over the other. Note also that Egs. (17)-(20) presuppose that ®;70=®,.

A cursory examination of Egs. (19) and (20) might indicate trouble from the factors ({fa—{3) 'and ({.—{a) ™"
whenever {,—{b or {.~—{a is close to zero. A closer examination reveals that such factors multiply other factors
which go to zero at the same time. Explicitly, one can use the expansions [cf. Egs. (27), (28), (22), and (25) of I,

Eu(tty) = 3 (= 9) "B () /m),

m=0

and

Fawty) = 30 (=) B () /m1,

m=0

to write, for instance,

(Ea—50) Y Eaprgrtn [ (Ca—toF EetFa)Re]— Engroprn, [ fet )R]} = 2@2[ (Er—Ca)BReJ?

which is most useful when {,—¢»~0. [ Note that when
ta=05, first use Eq. (23) in Eq. (19), next take all
the derivatives, then set {,=¢{5 The infinite expansion
(23) will always reduce to a single term. Similar con-
siderations apply to Eq. (20), mutatis mutandis.]

For simplifying the derivatives, Egs. (61)-(65) of 1
are useful.

DETAILS

The integration of Eqs. (12)-(15) for I®—I® to
obtain Egs. (17)-(20) is similar to the integration of
Eqgs. (45) and (46) of 1. One manipulates the contour
and the integrand of each I? until the residue theorem
can be used. A new difficulty here, not encountered
with the (1-2)-type integral, is the possibility of two
logarithmic branch points in the integrand. [Only one
logarithmic branch point occurs in the (1-2)-type
integral.] In this section we first show how to eliminate
one of the branch points, and then we manipulate each
integral until every term can be evaluated by the
residue theorem.

The device which greatly simplifies evaluation of It
involves manipulation of the [kA(k~'d/dk)*k1] parts
of the integrands. The basic structure of the integrals
I% g

I= /_ Z dk [k“ (irl (%)Ak—lA][kA (k-l %)Ak—lB] . (24)

where A and B are linear combinations of By 41 s or
Eji11 functions. Integrating by parts A times and
assuming that 4 and B vanish sufficiently fast at
k=20, one obtains

A A
1=(-1* [ara <k—1gl;) st (k'1%> k1B, (25)

(21)

(22)

Epiipitneml Gt Ea)®Re]

m!
(23)

which is obviously [cf. Eq. (73) of I]
A ) d 2A
= —1 - —_— —1
(—1) /dkAk (dk> k1B,
which also [cf. Eq. (74) of I]

=(—1)A2A+1) / dkA [k—‘ (;%)2“1_ (;;E)ZMIk_I]B’
(27)

which becomes, after integrating half of Eq. (27) by
parts 2A+1 times,

=(—D*2A+1)!
X / dk [Ak—l <—d—>2A+lB+Bk—‘ <i)2A+1AJ . (28)

(26)

dk dk
But
(d/dx) 2A+1EA+11+]—7L., (x) = —aﬂa+A—ll(x) ’ (29>
and
et A=L>n+ | =1l | —h, (30)
Zna_la, (31)
>1. (32)

[Similar considerations apply to Eajis1-n.(%).] Since
anya—1(x) has only a pole of order n+A—I+1 at =0,
in each of the terms in Eq. (28) a logarithmic branch
point has been changed into a pole.

Now consider 7®, Eq. (12). We simultaneously set
k=ix, use Eqs. {28) and (29), and use [ the integrands
of Egs. (12)-(15) are all even functions of %]

/°° b (EA+21+1—na[(§a+§‘b_7:k)(R1]
_EA+I1+1—ﬂu[(§‘a+§‘b+ik)a1]) -odk

=2(P/m s Erptirn (Fatbo—1k) Ry ] - -dk, (33)
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where ® denotes the principal value (see I), to obtain
I = —2r1(—1) ll+lb+lz+ld@[ ® 2% IRRRY: (R ¢ o7 RN | I Irg(CaRa) e+ ]

X @301, (Fat-CoF2)RuJe ™ { Enyt ppaon, [ (Fet Eat2)Re]— Enpisrrn [ (ot Ta—2)Re ]}
R atpat [ (FetCat 2)Ro ]+ pa o[ (et Ea—2)Re I} o Epp 1 ir1en [ (Fat G+ 2)R1]). (34)
Assume ®;>®,. Then all terms in Eq. (34) can be evaluated by closing the contour” at infinity in
the right half-plane [cf. Egs. (29) and (22) of I] and using the residue theorem except the term
involving Eayiprtn,[ ({eHfa—2)®Rz], which has a branch cut running from x={,+¢q to «. As discussed in I,
the logarithmic part of Eayig41-n,[(fe+§a—2)®R2] can be clothed in such a way as to permit closure of this part

of the integral in the left-hand plane, where there are no branch points. The relevant maneuver is [cf. Eq. (23)
and (38) of T]

@["’“ dxx o aets] (Fat-H )R Ent 1510 [ (CetFa—2)Ro] =mian,pa—1,[ (Fats)Ru]Errizrrn [ ($et$a)Re]

R Afloe—n, —toote
+ (({) Jiot dxxlon a1, (Cat 2RI Erstspin [ (o G—2)R1],  (Gui=®o), (35)
1. EY €

where ¢ is a small positive number. Equation (34), modified by Eq. (35), can be directly evaluated by the residue

theorem to give Eq. (17).
By the same logic which leads to Eq. (34) for I, one can obtain from Eq. (13) for I®,

IO = —jz1(—1) 11+le>/—1® da[ e« I, (ERy) » e o T oKy (CaRa) ++ + ]

X @ onea L (ot 8t )R Erstpan [ Gt fat 0)®] = Bavtrpn [ Got-Ca—a)Re]
—=Erpinaa[(Fe—tat )OI+ Ervinprn L o—ta—2) 000} HOA M En it in[ (Fat-fot 2)Re ]
X {@net a1 (CotFat2)RoJ+m1atol (CotTa—2)Re] =8 a1 ($e—Fat®)Re]
=@ st (fe—Fa—2)Re}).  (36)
Equation (36) can be evaluated without further manipulation (there are no singularities in the right-hand plane)

when ®;>®; by closing the contour to right and using the residue theorem. The result is Eq. (18).
After taking the steps which led to Egs. (34) and (36), we obtain for I® from Eq. (14),

I®=—iz1(—1) lﬁta@[im daf e+ Bn,(Fs®Ry) oo o e o Fno(EaBg) o+ + ]

X @44 {npa-t, [ ot ot 2)R]— Bnpra-,[ (Fa— St 2)Ra ]} 2
X{Errisirn [ (Setiat2)®e]— Enprapan L (et fa—2)Re}
+RA4 M EpprrnGot St )]~ Envrnn [ Sa—fot2) @ Tfa
X {anpr-tL (CetCat®)Red+an st (Cet-Ca—2)R:D}). (37)

Unlike the integrands of I® and I® [Eqs. (34) and (36)], the integrand of 7® [Eq. (37)] contains terms which
do not vanish at either x=+4- . All terms containing only “+x” vanish at x=+ e, contain no singularity for
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Rex>0, and donate a residue only at =0. To handle the “—x” terms, we make use of [cf. Eqgs. (22)-(25) of 1]
neis—til Cat it 2)Ru]=anes s, L Camefot 2) R ] — (0t A— 1) {[Gazk ot 2) Ry JHA—ma (38)
a relation similar to Eq. (35), and Eq. (56) of I to cast I® in the form,

. —toot+€
10= i (=)t [ e300, (o) -+ T+ 80a(a) -]
t004-¢
XA ({fnga-tal (Fat-E5H2) Ra]— Bnopamta[ (Fa—CoH2)Re o
XA{ = (Re/®Rp) M+ meEpyyyan [ (Fota—%)Re]}
_I._ (na+ A— ll) 1&111—;\—%-—1{ (g-a_*_g-b_'_x) —A—~ng—1 __ (g—a __g-b_}_x) I1—~A—ng—1 } g1

X{ Errigrin (fetta—2)Re]— (Ro/R) M Ey s o [(Cot-Ca—x)R1]})
[0*1 EeHia*]
_iﬂ.—l(_l)lﬁla{f; dx—l—f dx} [oven (Es®e) » oo JLe 90y (Fa®a) oo ]

XM (B pt 11-n.[ (Cot 8 2) 1] — Bagtyi1-n [ (Ca— G 2) Ry ]
— (®a/®e) 41 { By [ Gat-Cot ) Ro]— Enstipind (Co—5t-2)®s1})
X & 4 a1, ($eA-§a—2)Rs ], (Ea> bt Ru>®Ra).  (39)

Equation (39) now leads directly to Eq. (19). Note that in Eq. (39) we tacitly took {, to be greater than {s.
The reverse case requires a slightly modified approach, but the end result [Eq. (19) ] is the same.
Equation (15) for I® is readily transformed into

O = _,-(2.,,)—1@/;% e+ Bor, (R ++ = T0v -+ Bony (Faie) - +]

X @ Qg a-ts[ (Fat-EoH0) R ] = G st (Fa— CoF )R B0 { Brrprn [ (St £ ot 2)Re ]
—Errigrn[Getta—2)0]— Eripa [ (o= et )R+ Brvippin [ (fe—a—2)Re ]}
+02 1 Enyiana (Gt 6 2) R — Earripion [ (Ga— G b )R]}

X A{@neta-taL (et Cat2)Ro]+an 4 a—ts[ (St Fa—x)Re]

= 8nprta (e—=Sat2)Re]—an a1 ((o—Fa—2)R21}).  (40)

Assume that > ¢ and {,>{4. (The other cases require slightly different treatments but the end result is the
same.) By arguments similar to those leading to Eq. (39), I® canlbe recast as

—toot-€
10 =0 [ G5, 500+ T B -]
goote
X@uA+imme(n,+ A—h) I[(fat-Gota) el — ({o— Otx) brdmne xt

X {Esrinpron [ (FetCa—0)Re]—Ersrnirn [ (fo—Fa—2)Ro]}

10, (et tart]
+1(2r)"? dal+ o+ Kny (R0 =+ JLe - Kno($a®2) » -+ ]

X R (Ry/Rp) M0mal By vy 1y o[ (ot ot 2)Ro]— Eay 1141 m [ (Ca— 5 H2)Ro ]}
X (114 A—1p) IRot A [ (fot fa— ) Bd—mel— (fo—fg—x) dne!]

to*

—i2m) 6 dale R (0) -+ T Koa (Cae) -+ ]

X R Gy st (Fot§a—%)Ru]—Eneyato (Fe—Fa—2)Ro ]}
X Bartriendl (Cato+2)Ra]—Eaptprrna (fa— ot 2) Ry ] — (y/Rp) A [ By g o [ (Fat-Got2)Ro]

] —Erina G0t 0)®)), (a2 ®s fa> 8 £>8a),  (41)
which then leads directly to Eq._(20).
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TWO-CENTER EXCHANGE INTEGRAL

The two-center exchange integral results from setting ®; =®;=®. Note that the angular dependence in Eq. (7)
can be simplified via

e (21
T (B, o) Pt (O, g) = > (o

1/2
) ¢t (M1, my—ms; Na, Ma—Me+1a—my)
t={A1—Ae|

XY rrma—matme(Gg, ¢q).  (42)
When ®; and ®; are set equal to ® in Lg% 4 (R, ®,), one finds, via Eqs. (11) and (17)-(20),
L™ 54 (R, ®) =A@ (— 1) irttrirtlal (—d /dgy) v ($571d/dSs) 60, (GR) 1 (§57d/dSo) M@0 ]
X [(—d/d¢a) (¢ d/dg a) 1o atetion, (Fa®R) Sa'2($ a7 d /g a) i 'R A1 ]
X {tneta-ta (Cat$0)RIEss 1511 (CEa)R]
Fan st (CeAC)RIEL 141 (Sat$o)R]
— QU A (—d [dg,) A (Eotb 6) T Earigiin [ (fat oSt )R]
—QlrA el —d /) ret A (f oA Fa) T Ep e ($at S EO) RS
+2@2A+1(_1) ll‘Hb[. . .gh(g-b(g) .o ][ . 'JCMﬁ'd(R) .o ]
X Esttrion (§at8) R @naatsl Gt § )R] —anrara (Co— )R}
2@+ (—1) lz-l-ld[. . .gch(g-b@) . :||: . .gh(g-d(ﬁ) .o ]
X Esptgtin (et E )R Gneat,L (Cat-$)R] = Gnopa-ta[ (fo— )R]}
+(R2A+I[:° o Fon, (LR v e ][ Ko, (FaR) ¢ .][@{h—A—na—l( —d/dt,)retrl
X ((Fatt5) M Erson1n[ ottt Eetta)R 1= Ersrapin (Gt ®R]
—Eriimin [ (Gt bt Ce— )OI+ Envtoin [ (= F )R]
— Ca=t) M Erstann Gt Eet £ R]— Esvtrinn (Gt ®]
—Erionin [ o=t Co— ) R+ Envranin [ (Ce—Fa)®]})
F @At (—d/de) " ((fet-ba) M Eapiin Gat-otbetF )R]
—Errin (Gt t)®]=Ersina [ Co =Gt Gt b))
+Esti1n Ga— )R]} — (Fe—ta) ™M E st piron ot Se—a)®R]
— B[ Gat )R] = Eririn [ Ga— Gt Ee—Fa)R]

+Eriiii [ Ga=)@T)) ] (43)

As discussed above, when {,={ and/or {.=¢4, Eqgs.
(21)-(23), etc., must be used to modify Eq. (43) to
avoid singularities.

SUMMARY

An analytical formula has been derived for (2-2)-
type three-center integrals of n;' with integer-n
Slater-type orbitals. The derivation is similar to the
one given in Paper I on (1-2)-type three-center
integrals and involves the Fourier-transform convolu-
tion theorem, expansion of a STO about another center,
Condon-Shortley coefficients, and contour integration
techniques. The main additional difficulty of (2-2)-
type integrals—two logarithmic branch cuts in the
integrand—is circumvented by differentiating away a

logarithm. Then the resulting expressions are cast in a
form which permits evaluation by techniques developed
in I. The integral (1) ends up as an infinite expansion
(7) involving spherical harmonics and radial functions
[Egs. (11) and (17)-(20)7]. The radial functions given
are valid only for ®;>®,> 0, but it is trivial [Eq. (16) ]
to obtain the ®; <®; case. The radial functions involve
the same functions which occur in (1-2)-type integrals,
spherical Bessel-type and exponential integral-type
functions, and are valid for general values of the param-
eters of the STO’s, except that some care is required
when {,~¢ and {~¢a [Egs. (21)-(23)]. A formula
for two-center exchange integrals is obtained from the
three-center integral by setting ®Ri=®R.=® [Egs. (1),
(7), (42), and (43)].
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