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The improvement of Hartree-Fock wavefunctions by perturbation theory is hampered by slow con-

vergence with the usual choice of

N
Ho= 2 F(s),

where F denotes the one-electron Hartree—Fock Hamiltonian. The slow convergence is usually attributed
to the unphysical nature of the excited states of F, which do not describe electrons moving in the field of the
nuclei, shielded by N-1 electrons. It is shown how to redefine F so that the zeroth-order wavefunction still
remains the Hartree-Fock wavefunction but so that the excited states of F correspond to an electron
moving in the field of the nuclei screened by N-1 electrons. The redefined F thus results in a more appropriate
H,. Calculations of some second-order polarization and semi-internal correlation energies in first-row atoms

are given to illustrate the use of the redefined F.

I. INTRODUCTION

The electronic wavefunction ¢ for an atom or mole-
cule may be partitioned into a restricted Hartree-Fock
(RHF) wavefunction' ¢rar and a correlation wave-
function x,

¥=¢rurtx, (1)

with the normalization convention
(¢rur | $rur)=1, (2)
(¢rar | x)=0. (3)

This paper is concerned with the computation of x by
perturbation theory.

Perturbation theory, starting from a RHF ¢y (by ¢o
we mean the zeroth-order function in perturbation
theory), has been discussed from different viewpoints by
Sinanoglut and by Goldstone® for closed-shell states and
by Kelly® and Silverstone and Sinanoglu’ for open-shell
states. A common feature of these discussions concerned
the choice of an unperturbed Hamiltonian Hy equal to
the “Hartree~Fock Hamiltonian,”

Hy=Hpgpv, 4
N

Hemr= D F(i). (5)
=1

Here N is the number of electrons, and F denotes the
RHF one-electron Hamiltonian, defined, e.g., by Eq.
(36) of Ref. 2. In calculations on beryllium, however,
Kelly® found slow convergence for the perturbation
theory. He argued®? that since the “virtual orbitals” of F

* Supported by a National Science Foundation Grant.
t Present address: Texas College, Tyler, Texas.
1C. C. J. Roothaan, Rev. Mod. Phys. 23, 69 (1951).
2 C, C. J. Roothaan, Rev. Mod. Phys. 32, 179 (1960).

3 F, W. Birss and S. Fraga, J. Chem. Phys. 38, 2552 (1963).

4 0. Sinanoglu, Proc. Roy. Soc. (London) A260, 379 (1961).

s J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957).

s H. P. Kelly, Phys. Rev. 144, 39 (1966).

7H. J. Silverstone and O. Sinanoglu, J. Chem. Phys. 44, 1899
(1966).

8H, P. Kelly, Phys. Rev. 131, 684 (1963).

s H. P. Kelly, Phys. Rev. 136, B896 (1964).

almost all lay in the continuum, the eigenvalue spectrum
of Hrar was extremely dissimilar to the spectrum of H,
and poor convergence was the consequence. Kelly found
that removing the Coulomb and exchange operators of
one orbital in F gave F bound excited states, made the
resulting Hy more like H, and greatly improved con-
vergence.®? However, his ¢; was no longer ¢rur.
Epstein,® in discussing “What is Hy?,” pointed out
that despite the automatic production, from the
calculation of ¢rur, of Hrar with the property

Hrur¢rur = Eeprar, (6)

Hgyr is not necessarily a good choice for Hy. Inlooking
for a better Hy, he showed” by example that no F
existed with a local potential in the Hartree-Fock case,
although a rather complicated local, but many-electron
H, could be obtained for ¢rmr./'* Epstein earlier had
suggested using a separable (but otherwise unspecified)
nonlocal potential in F.1

Our purpose here is to give a simple, intuitive,
mathematically rigorous redefinition of F which retains
do=¢rar (unlike Kelly), which makes Hy more like H
(like Kelly), and which provides a partial but concrete
answer to Epstein’s question.!? Some calculations on
first-row atoms, based on the redefined F, are given to
illustrate the use of the redefined F.

II. WHAT IS F?

In this section we discuss the choice of F from the
point of view of calculating x by pertrubation theory.
For simplicity, consider an atom or molecule with only
one open shell. Assume that the (occupied) RHF
spin orbitals {¢;|i=1,2,---, M} have already been
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determined. These spin orbitals are eigenfunctions of
Roothaan’s Hamiltonian [Eq. (36) of Ref. 27, which we
now denote by Frg,

Froi=eipi. (N

The set of M spin orbitals we call the RHF sea, which
includes, in addition to the spin orbitals appearing in the
N electron ¢rur, those spin orbitals required to make
closed shells.

The major problem in choosing F is what F should be
for excited states. To bring out this point, let P; denote
a projection operator for state ¢; in the RHF sea,

P‘=l¢i><¢i‘: 7:=1)"':M° (8)
Also, let
M
P= Z-Pi’ (9)
gl
Q=1-~P. (10)

Both F (which will be the redefined Hamiltonian) and
Fr (Roothaan’s Hamiltonian) do not connect “P
space” with “Q space”:

F=PFP+QFQ, (11)
Fr=PFgP+QFz(Q. (12)
From Egs. (7) and (8), we have
M
PFyP= ) &P, (13)
A=l
Moreover, we can write, generally,
%
PFP= 3} &P, (14)

i=1

(We use ¢; and &; for the eigenvalues of Fy and F,
respectively.) Thus, to specify F is to specify the &,,
(i=1,2,~++, M) and QFQ.

Three general requirements for F are:

(1) Physical: Excited (i.e., virtual) eigenfunctions of
F (i.e., of QFQ) should resemble an electron moving in
the field of the nuclei screened by N —1 electrons.!3

(2) Physical: The orbital energies should bear some
relation to ionization potentials, & la Koopmans’
theorem.™

(3) Mathematical convenience: F should be Hermi-
tian and commute with all relevant symmetry operators,
such as 1 and s for atoms.

Requirements (1) and (2) are to make Hy something like
H. Roothaan’s Fy satisfies requirement (3) but not (1)
and (2).

The above considerations do not determine a unique
F. Neither are there any uniquely important criteria
which would lead to a unique F. In the next section we
give a recipe for a particular F satisfying the three

8 Compare Ref. 9.
4T, Koopmans, Physica 1, 104 (1933).
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general requirements, but here we first make an ob-
servation on the form of F. Let kpy denote the Hamil-
tonian for an electron moving in the field of the bare
nuclei (BN). It would be convenient for F to have the
standard form

F=hpn+V, (15)

where the potential V' does not explicitly involve Apy.
Roothaan’s Fg has this form,?

Fr=hpn+Vr. (16)
Suppose that F had been specified through the M §; and
a potential U(r) via
M
F= ) 8P+Q(hen+1)Q. (17)
=1
Then from Egs. (11)-(17), F can be cast in standard
form (15) if V is given by

V=QU(r)0+Vr—QVr0+ i (8i—e) P, (18)

III. RECIPE FOR F

An intuitive formulation of U(7) and the &, is easily
obtained. Consider first Requirement (2) above. The
&; cannot of course correspond exactly to ionization
potentials, because ionization potentials depend on the
total spin and other total quantum numbers (e.g., L for
atoms) of the nonionized and ionized state of the atom
or molecule.? One can however choose §; to represent an
average ionization potential for an electron in a given
shell, by averaging the ionization potential expressions
computed from simple-orbital-type wavefunctions over
the symmetry quantum numbers of the ionized state.
Such a choice is easier to illustrate [see Eq. (33)] than
to formulate precisely.

Next consider Requirement (1). Let J,T and KT
denote total Coulomb and exchange operators for the
pth shell, i.e., in spin-orbital notation,

Jr= X T, (19)
1 (¢7 in shell u) .
KI= Y K. (20)

¢ (¢4 in shell u)

Here J; and K; have their usual meanings as Coulomb
and exchange operators for spin orbital ¢;. Let n, be the
total number of spin orbitals in shell u and n,f, the
actual number occupied in ¢rur. A simple U, built only
from J and K operators, satisfying Requirement (1), is
U(r)= Z fu(JT—K,T)

# (shells p in REF)
—(1/n,)(J,F—=K,7), (21)

where » is a shell, chosen for physical reasons, from which
an electron has been “removed.” This U [Eq. (21)]
automatically satisfies Requirement (3) because of the
appearance of total /7 and K7 operators for each shell.
Equation (21) is illustrated by Eq. (32) below.
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More complicated U’s could easily be defined by
varying the coefficients in front of J,7, K7, J,”, and K ,¥
[cf. Kelly®®] to represent more accurately the average
electron-electron repulsions, and by removing different
orbitals for different symmetry virtual orbitals. For
example, let Q, and Qo denote projection operators for
even- and odd-/ orbitals; a possible U for the ground
configuration of oxygen (again, cf. Kelly®) is

U =-]13T ! K13T+]25T_K23T+% (J2pT '_KZpT)
~3Qe (J2" — KaiT) Qe — Q0 (J2" — KopT) Qo

Since the &; and U (r) proposed above are physically
motivated but mathematically arbitrary, their useful-
ness and usability must be demonstrated by numerical
examples. Kelly’s Be and O computations®® already
exemplify the physics involved in the choice of Hy, but
differ in the choice of ¢. In the next section a few
illustrative computations are presented to demonstrate
how this choice of H, works.

(22)

IV. EXAMPLES

For examples we calculate some polarization and
semi-internal correlation energies’” to second order.
Polarization effects occur in open-shell states because
tke actual average electronic field an electron experiences
from the other electrons does not have the full spin and
spatial symmetry of the atom or molecule. TLe semi-
internal correlations arise from terms in the wave-
function in which one electron makes a transition within
the RHF sea into a not-completely-occupied spin-orbital
while a second electron goes out of the sea. In first-row
atoms the most important of these are described in
configuration-interaction (CI) language by excitations
of the type

1522522p7—152252pmd. (23)

(Other excitations, e.g., 1522522p"—1522522p"14f, which
are also of a similar nature, are not discussed here.) The
semi-internal correlation effect is intermediate in nature
between nondynamical and dynamical correlations.
That such terms as Eq. (23) contribute significantly
to 2s—2p correlation energies (—0.4 eV in B, —0.76 eV
in Ne®) was first noted by McKoy and Sinanoglu.’s
The sizable contribution to energy of effects represented
by Eg. (23) can be inferred also from the work of
Weiss,'® of Kelly,® and of Schaeffer and Harris to be
—0.83 ¢V in *P carbon, —1.03 eV in *P oxygen, and
—0.52 eV in 2P boron, i.e., roughly 15%-209% of the
total correlation energies.’® These authors, however, did
not single out the particular effect as a physically
distinct correlation effect. Their nature and physical
origin became clear in the perturbation version of
“nonclosed-shell many-electron theory.”” Detailed cal-
1 V. McKoy and O. Sinanoglu, J. Chem, Phys. 41, 2689 (1964).
18 A, W. Weiss, Phys. Rev. 162, 71 (1967).
¥ H, F. Schaeffer 11 and F. E. Harris, Phys. Rev. 167, 67

(1968).
18 E. Clementi, J. Chem. Phys. 38, 2248 (1963).
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culations (not tied to perturbation theory) of specifically
the internal and semi-internal correlations for first-row
atoms have been carried out by Sinanoglu, Oksiiz, and
Skutnik.!® A comparison of their nonperturbation results
with the perturbation theory results of this paper would
be interesting in assessing the rate of convergence of the
present perturbation theory at least for these specific
effects. Although these polarization and semi-internal
correlation effects are interesting in themselves, they
are calculated here because they form a convenient
illustration of the considerations of Sec. IT and III.
First consider the 2P ground state of boron,

orur=Q15252p, a. (24)
The corresponding Roothaan potential is
Ve=J1T — K1+ J2T — K, ~ 5% (J2pT — Kop7)
+3 {27 — KT, POHEPO},  (25)
where
PC=ProotPrp+t PrsatPsp, (26)
PO =Py ot PoppatPirp_atPrp g+ PopystPop_s, (27)
and where {x, ¥} denotes the anticommutator,
{2, y} =xy+yx. (28)

If one were to use Vg [Eq. (25)7] for calculating excita-
tions represented by (23) by perturbation theory,
certain difficulties would arise. The origin of these
difficulties is that (i) an electron in a d orbital (which
does not see the { } term in Vr) appears to be moving
in the field of the nucleus, shielded by 4—(1/5) =19/5
electrons, and (ii) the 2s eigenvalue of Fr is (artificially)
too high. The e, corresponding to Fg is?®? (1 a.u~27.2
eV)

€2 =—0.0245 a.u., (29)

which is higher than the energy of the 3d orbital,®

€34 = —~0.0808 a.u., (30)

and which is an order of magnitude different from an
experimental &y,

&y (exptl) = —0.519 a.u. (31)

B Q. Sinanoglu, I. Oksilz, and B. Skutnik (unpublished);
(cf. also B. Skutnik, Ph.D. thesis, Chemistry Department, Yale
University, 1967).

* The Hartree~Fock orbitals were obtained from the work of
E. Clementi, J. Chem. Phys. 38, 996 (1963), and Document No.
7441, ADI Auxiliary Publications Project, Photoduplication
Service, Library of Congress, Washington 25, D.C.

21 Here the e represents the eigenvalue of Fr [Eq. (38) of
Ref. 27]. That these ¢ are nof even approximately equal to ioniza-
tion potentials was first pointed out by Roothaan (Ref. 2).

22 The ¢4 was estimated by minimizing the expectation value
of Fr with a single Slater-type 3d orbital. Note the existence of
bound excited states of Fr. In Kelly’s examples, the F was defined
differently from Fg, especially with regard to the Coulomb and
exchange operators of the open shell. In any event, the Ho based
on Fy is still extremely dissimilar to H.

2 The value of &, (exptl) was estimated from the data given
by C. Moore, Natl. Bur. Std. (U.S.) Circ. No. 467 (1949), by
subtracting the average energy of the 1s?252p configuration of
B IT from the average energy of B I 1522522p,
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TasLE I. Second-order correlation energies of the type &F® and &.,»? for first-row atoms.»

Correlation energies (a.u.)¢X1000 Proportionalities
resulting from
k or kl; mb B(2P) C(3P) N@#S) O@P) F(2P) symmetry

2s -0.54 ~0.53 —0.34 —0.33 1
2s, 2p4; 2p0 —-1.62 3
25, 2p4; 29 —3.24 -3.16 6
2s, 2p0; 29— —1.58 3
2s, 2p.8; 28 —1.01 3
25,298,298 —2.02 —2.00 6
25, 2poB; 2p_B —1.00 3
2sB —0.35 -0.35 —0.50 —0.48 1
258, 2p+; 20 -1.04 3
258, 2p+; 29— —-2.07 ~2.09 6
258, 2p0; 29— ~1.04 3
258, 2p.8; 2008 —1.49 3
258, 20.48; 298 -2.97 -2.90 6
258, 2p8; 298 —1.45 3
258, 2p.4; 2p48 —1.74 ~1.72 —-1.70 1
2B, 2p4; 2poB -5.21 -5.16 -5.09 —4.92 3
2sB, 2p4; 2p-B —-10.43 —10.31 —10.18 -9.83 —9.65 6
258, 20, 2p.8 ~5.16 —5.09 3
258, 2p0; 2908 —6.87 —6.79 —6.56 4
258, 2po; 298 ~5.16 —-5.09 —4.92 —4.83 3
2B, 2p_; 2.8 -10.18 6
258, 2p—; 28 —5.00 —4.92 3
258, 2p-; 2p_B -1.70 —1.64 —1.61 1
pors) —-26.23 —43.11 —50.92 —41.09 —24.27

(—0.71eV) (—1.17eV) (—1.39eV) (—1.12eV) (—0.66eV)
E(25) ()[*D ]
—_— 5/2 25/6 5 25/6 5/2
€238.2p+; 2p~8
E(2s5) (d)[3D] —26.07 —42.96 -50.92 —40.96 —24.13

(—0.71¢eV) (—1.17eV) (—1.39¢eV)) (—1.11eV) (—0.66eV)
Egore® —125 —158 —188 —258 —-324

(—3.40eV) (—4.30eV) (—5.12eV) (—7.02¢eV) (—8.82¢V)

8 The orbital exponents for the 3d Slater-type basis functions are given
in Table II.

b For brevity, o spin functions are omitted. For instance, 2s denotes 2scx.

© 1 a,u, =27.21 eV. Energies were rounded after computation, Estimated
accuracy is two significant figures,

d The lion’s share of 2€® is contributed by the ‘“‘configuration”

On the other hand, the potential for the modified F,
given by Eqs. (17) and (20) with »=2s, is

U(”) =JlaT—KlsT+%(]2sT—K2aT) +%(szT—'K2pT),
(32)

and the appropriate &, [see discussion between Eqs.

152[(2s5) (d) : 3D] 2p". The contribution is a simple multiple of

Ewuﬁ.uﬁ:w—ﬂ-

® Total correlation energy as estimated by E, Clementi, Ref. 18, has been
included for comparison,

(17) and (18)7] is?2:2¢
8u=(25 | hex+U(r) +3(Jul— Kal) | 25,
=—0.495 a.u.

(33)
(34)
24 The &, defined by Eq. (33) is precisely the same as the eigen-

value 72 of Fc [Eq. (32) of Ref. 2]. The numerical value
(—0.49468 a.u.) was given by Clementi, Ref. 20.
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TasiE II. Orbital exponents for 3d Slater-type basis functions.®

Intermediate Orbital exponent
coupling of
(25) (&) B c N o] F
3D 1.384 1.756  2.131 2.475 2.838
1p 0.975 1.250 1.650 1.950

8 A 3d basis function has the form Y™ (0, ¢)rtexp(—{r), where ¥:™
denotes a spherical harmonic of order 2 and { is the “orbital exponent.”
The 3Dy was chosen to optimize §®asg,2p,;2p g. the 3D{ to optimize
P, €00 g,

This &, is close to the “experimental” value and is
lower than the 3d-orbital energy? for F [Eqs. (17) and
(32)],

&3a=—0.0530 a.u. (35)

With the modified F defined above, we must now solve
the first-order equations [Eqs. (37) and (38) of Ref. 7]
for the polarization and semi-internal correlation
functions, f;® and fiu.®, and the corresponding
second-order correlation energies. The effects repre-
sented by Eq. (23) correspond here to k=2sa, 2s8;
1=2p.a; and m=2pox, 2p_c, 2.8, 2puB, 2p_B. The
calculation can be carried out variationally” by
minimizing [note that all the f’s in Eqs. (36) and (37)
have d symmetry |

820 =2(¢k | Jipsa—Kopse | fi®)
+{fi® | F=&24 | fe®), (36)
Gm® =2(tupr— e | 1/712 | bunfirim™®)
+{Fem® | F—82 | frtm®).  (37)

There is no difficulty from the Q in Eq. (17) because
d orbitals are automatically orthogonal to s orbitals and
p orbitals, The results are in Table I. We note here that
the total d-symmetry 2s polarization and (2s)(2p)
semi-internal correlation energy in second order is
—0.0263 a.u. (—0.716 eV). [For perspective, the
expectation value of the correlation energy with (the
part of) the first-order wavefunction calculated here is
—0.0204 a.u. (—0.555 eV), and the best variational
expectation value (with two 3d-type Slater-type
orbitals, one for 253d 1D, the other for *D intermediate
coupling) we obtained is —0.0215 a.u. (—0.585 €V).
Sinanoglu, Oksiiz, and Skutnik? report —0.613 eV for
semi-internal correlations in boron, but this value

”’]Ea‘ile &a was estimated with an optimized 3d Slater-type
orbital.

2 The separated first-order equations in Ref. 7 are being
“golved” here by applying the variation-perturbation method to
each such equation. The calculations of Sinanoglu, Oksiiz, and
Skutnik,?” on the other hand, use the full variation method and
CI to get the internal and semi-internal correlations,

21 (), Sinanoglu, I. Okstiz, and B, Skutnik (private communica-
tion) ; to appear in Ref. 19.
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includes other additional semi-internal correlations than
the type specified by Eq. (23).]

Similarly, the second-order polarization and semi-
internal correlation energies of type 2s2p—2p;d only
[Eq. (23) ] for the ground states of C, N, O, and F were
calculated by the variation-perturbation approach. The
U in each case corresponded to Eq. (32) with fi
multiplying (J5,7— K2,7) . The &;; was given by Eq. (33)
with the appropriate U. The results are given in Table J,
the details of the bases in Table II.

Several observations can be made from Table I. First,
note that there are certain relationships among the
second-order energies resulting from symmetry. Next
note that a given type of semi-internal energy &un»® is
fairly constant, decreasing slightly as one moves from
B to F. [Only &ss.p,2-s® actually occurs in the
highest L,, S, member of all B to F ground states. See
Table I.] The &,.7® for B and C are comparable with
the €.5@ for F and O, and vice versa. The main con-
tribution to the correlation energy comes from the *D
modification of the 2s shell, i.e., the intermediate
coupling (2s5)2—(2s) (d)(*D], and is numerically equal
t0 8ass.2p4;2p_g™ multiplied by 5/2, 25/6, 5, 25/6, and
5/2 for B, C, N, O, and F, respectively. The remaining
contribution [ (2s)(2)'D] is less than 29 of the *D
value in each case, and in N it is rigorously zero.
Because of the smallness of the (2s) (d)'D contribution
and the near constancy of & zp,a2p_s®, the total
d-type polarization and (2s)(2p:); (2p;) semi-internal
correlation energies of the first-row atoms are approxi-
mately in the ratio 3:5:6:5:3. It is especially apparent
that these total energies are not proportional to the
number of 2p electrons. It is expected that the above
conclusions have general validity even though the
second-order energies are probably a 20%-30% over-
estimate of the exact energies.

These calculations are easy to carry out and illustrate
the usefulness of a physically doctored perturbation
theory.

V. SUMMARY

A simple reformulation of the one-electron Hartree—
Fock Hamiltonian suitable for calculating correlation
effects by perturbation theory has been given. The
virtual states are eigenfunctions of Q[ksn+U(r)]0,
where kgy is the one-electron “bare nuclei” Hamiltonian,
U(r) a physically chosen potential representing the
screening effects of the electrons, and Q is a projection
operator. Various recipes are indicated for Ulr).
Computations of symmetry and spin polarizations and
semi-internal correlation energies in first-row atoms are
given as examples.
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