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The symmetry properties of the many-electron wavefunctions containing unlinked clusters are shown to
follow directly from those of the wavefunctions with one- and two-electron correlations occurring one at a
time for both closed- and nonclosed-shell states. The separate calculation and symmetry properties of
distinct pair functions in general nonclosed- and closed-shell states are discussed. The symmetry considera-
tions carry over to the localized-orbital+localized-pair-function descriptions.

I. INTRODUCTION

HE symmetry properties of the many-electron

wavefunctions'™® are related quite simply to the
symmetry properties of the spin orbitals, one-electron
correlation functions, and pair correlation functions
from which the wavefunctions are constructed. The
symmetry properties follow rigorously from the
methods of derivation, the “method of partial orthogo-
nalizations™® for closed-shell states and in each order
of perturbation theory®©.1 (for closed- and nonclosed-
shell states) once the symmetry properties of the
uncorrelated ¢ part are specified. The properties of
the first-order pair functions %,V for closed shells and
the transformation from “B(7j)-type pairs” to “irre-
ducible pairs” have been given previously.2®! The
transformations of the “pairs to all orders” #,; in the
closed-shell variational theory have also been dis-
cussed?® as well as the spin properties in four-electron
systems.!?

In this paper (a) we show how the symmetry
properties of the many-electron wavefunctions con-
taining unlinked clusters (x’,) follow from those of
the wavefunctions with one- and two-electron correla-
tions occurring one at a time (x,) for both closed- and
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open-shell states; (b) we discuss further the symmetry
and separate calculation of distinct pair functions in
general nonclosed- and closed-shell states; and (c) we
also show that these symmetry considerations carry
over to the localized-orbital 4 localized-pair-function
descriptions.

II. SYMMETRY PROPERTIES OF PAIR
FUNCTIONS AND CLOSED-SHELL STATES

The “many-electron theory” approximate wave-
function for a closed-shell state is given by’

N ..
¢o+x'e=@[(12'“N) (12 3 22
1<i<s (4)
N N ’Ii,‘,’ﬂ
+27 IO ——“-l-)] (1)
i< k<l (ijkl)

(i<F; both i, j=k, I)

The 1, 2, -++, N denote spin orbitals, the 4,; denote
pair correlation functions, and @ denotes the anti-
symmetrization operator. When does ¢y+x's (especially
the parts of x’s with products of two or more pair
functions) have the same symmetry properties as the
exact wavefunction (LS for atoms)? Assuming that ¢y,

$o=Q(12¢+-N) (2)

has the correct symmetry, we demonstrate the follow-
ing result.

¢o+x’s has the same symmetry properties as the
exact wavefunction if, and only if, the pair functions
#;; have the same symmetry properties as the anti-
symmetrized pairs of spin orbitals they replace. Thus,
for example, the (2p)? pairs for neon satisfy:

(a) (f2p.a 20,8 f2p,0.20,6F B2p,0.20,8) / V3 is a 1§ func-
tion;

(b) #3p ,a,2p.a 18 a 3P function with M =Ms=1;

(©) (#2p.a2pz8+2p.5.2p0) /V2 is the (M1 =1; Ms=0)
component of the 3P in (b) above; and so forth,
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SYMMETRY PROPERTIES IN MANY-ELECTRON THEORY

To formulate our theorem more precisely, we intro-
duce some of the notation and results of group theory.®
Let G denote the group of (space and spin) coordinate
transformations R which commute with the electronic
Hamiltonian. That ¢ is the exact wavefunction for a
closed-shell state implies

Ry=y. 3)

We assume that the N spin orbitals form a basis for a
unitary representation I’ of G;

R1k>=?,lr]~k<1e>1j>, (k=1,2, -+, N), (4)

and that ¢, (like ¢) is also invariant under all Rin G
Réo=@{(R1) (R2)-++(RN)}=(det| T';(R) |)po=co.
(5)

[Since the “many-electron theory” ¢ is a Hartree-Fock
determinant of symmetry orbitals (e.g., the angular
dependence of the orbitals for atoms is given by single
spherical harmonics), Egs. (4) and (5) are automati-
cally satisfied.] Note that we use a single symbol R to
represent the change of coordinates of a single particle,
the corresponding N-electron transformation, and the
transformation induced on the spin orbitals.

From Egs. (1), (3), and (5), one sees that Rx’s must
equal x’g for all R in G, so that, given Eqs. (1)-(5), a

N

N N
dotx's=(1+ 2 bitaect 2 2

1<i<s 1<i<s 1<k<t
(i<k; i, 75k, 1)

Equation (11a) can be written in the compact form

where

and | 0) denotes the “vacuum” state.
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mathematical statement of the theorem described
above is

Theorem: Rx's=x’s, for all R in G, if, and only if,
Rai= 2, [Tw(R)Ty;(R) —Ti(R) Tiu(R) M
1<k<I<N

(1<i<j<N). (6)

The proof is greatly simplified by the use of second
quantized formalism."¥¥ Denote by af and a, the
creation and annihilation operators for Spin Orbital %.
Similarly, denote by &,;! the creation operator for the
pair function #;. If #,; is defined in configuration-
interaction language by

A= 2., CuB(kl), (7

N<k<l<o
B(kl) =[k(x1) (x2) —U(z) k(x2) 1/V2, (8)
then ;" is given by

bijf= E Cklijakfalf- (9)

N<k<l<o

[Note that 4,; is taken to be one-electron orthogonal!
to the N occupied spin orbitals, i.e., ;; consists entirely
of “double excitations,” as is implied by the lower
limits of the summation indices in Eqs. (7) and (9).]
Then, ¢ and s are given in second quantized notation
by

Now if R(do+x's) =do+xs, then since Repo=ep and Relpy= exp(RUR) Rpy= exp({RUR™) ¢y,

which [along with Egs. (4), (9), and the absence of (b;")2 and (3:;1h4t) terms!®] implies that

do=a1taxt+ < raxt] 0), (10)
bifajabutaat- - ) afaste - -ant | 0). (112)
¢0+X,a = 8U¢0, ( 1 lb)
N

U= 2 bilasa, (12)

1<i<i
R(¢o+x's) —(dotx's) = (ReV—eV) ¢y =[exp(RUR™) —eV Jgpy=0, (13)
(RUR-'~U) ¢o=0. (14)

18V, Heine, Group Theory in Quantum Mechanics (Pergamon Press, Inc., New York, 1960).

41, D. Landau and E. M. Lifshitz, Quantum Mechanics (Addison-Wesley Publ. Co., Inc., Reading, Mass., 1958).

% (a) H. Primas, in Modern Quantum Chemistry—Istanbul Lectures, O. Sinanoglu, Ed. (Academic Press Inc., New York, 1965),
Pt. 2, Interactions. (b) In the power series expansion of ¢V, terms such as (b;;'a;4;)% and (b;,-"a,-a.-) (bsr aras) vanish. See, for instance:
Ref. 15(a); F. Coester, Nucl. Phys. 7, 421 (1958) ; F. Coester and H, Kummel, ibid. 17, 477 (1960),
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So clearly we must focus our attention on the transformation properties of U:

N N
RUR'—U=>_(Rb;'R™) (Ra;R) (Ra;R™Y) — D byt aian.

i<j

From Eq. (4),

N
Ra'R=>_Ti(R)a,,

=1

N
RayR1= Y Ty*(R)a;,

=1

[where (*) denotes complex conjugate] so that

RUR'=U= i{ ﬁ: (Rb,‘jTR—l) [Fl]*(R) Fki* (R) - ij* (R) I‘“*(R) ]——b“f} aiQx.

k<t i<j

(15)

k<l
(k=1,2,+++,N) (16)
(k=1,2,+++,N) (17)
(18)

Both % and / are occupied in ¢y, but no spin orbital appearing in the expansion of &' [Eq. (9)] is occupied in ¢.
Thus, for Eq. (14) to hold, the coefficient of aax in Eq. (18) must vanish:

i(RbijTR_l) [T,*(R) Tx*(R) —T'e*(R) T0*(R) ]—buiT =0,

<j

(1<E<ILN). (19)

Because the representation is (by hypothesis) unitary, Eq. (19) is equivalent to

N
Ryt R =D [Tem(R) Tt (R) — Tt (R) Tin (R) Jbis", (m<n<N),
k<l

which is just the second quantized version of Eq. (6).
Thus we have proven the necessity of Eq. (6).

The sufficiency is proved by noting that Eq. (6) is

equivalent [because of Eqs. (18)-(20)] to
RUR'=U, (21)
which implies Eq. (13) is valid. Q.E.D.

Another way of stating the above theorem is that
x's has the right symmetry properties if, and only if, x,
(no unlinked clusters) has. Also, the theorem can be
applied to other types of wavefunctions which can be
written as in Eq. (1) or as in a special case of Eq. (1)
such as to the so-called ‘“separated-pair theory’¢
wavefunction.

Perhaps it should also be remarked that the termi-
nology “unlinked cluster” used in this work has an
entirely different meaning from the same words that
occur in Goldstone perturbation theory.” In the
Goldstone terminology, an “unlinked part” in a graph
contributing to the wavefunction refers to ‘“‘any part
of a graph which is completely disconnected from the
rest of the graph and which has no external lines
attached-«-.”’" Here “unlinked cluster” refers to terms

8 A, C. Hurley, J. E. Lennard-Jones, and J. A. Pople, Proc.
Roy. Soc. (London) A220, 446 (1953).
17 7. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957).

(20)

in the wavefunction which are enalogous to graphs in
the Goldstone theory whose “disconnected parts”
would have external lines, viz., graphs without unlinked
paris.

II. SYMMETRY PROPERTIES OF
NONCLOSED-SHELL STATES

The discussion of symmetry properties of nonclosed-
shell states is complicated by degeneracy and a multi-
configurational ¢. Apart from the symmetry properties
of ¢ and the one-electron correlation functions, the
main change in the relationship of the symmetry
properties of the pair functions to those of ¢o+x is
that Eq. (6) is a sufficient but not a necessary condition.

In general, ¢ is one of » degenerate exact wave-
functions (Y1=y, ¢, ***, ¥») transforming irreducibly
(except for accidental degeneracy) under G:

Rii= 3 As(R) ¥

=1

(22)

[For atoms, n=(2L-+1)(25+1), and the ¢, might
differ, say, in only the quantum numbers Mz, and M. ]
One must discuss the symmetry properties of all ny;
together.

The “many-electron theory” nonclosed-shell approxi-
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mate wavefunction”? is given by

S IN MANY-ELECTRON THEORY

857

M
N
dotx'a= 2 'Cx(Ax+X5), (23)
E=1
Ax=Q(kikg* + ky), (24)
N f oK Bk y X ke Wk
Pe=@ {(Brhoe+ ok (1 212 —_— 9 —°_'+)
X {( ik <) [2 o P 2 G X Z (hoeiatn)
(d, c#a) (6<d;b, c#d, €; b, ¢, d, e4a)
A ( 4.5
+ — R ({4010 aic
1ga§gzv mé (kaks) §J (%)
(m;ékl, kz, LR kN) (i,j=k1, kz, LR kN, m; but ;ﬁka, kb)
421 Z Z M 4+ )
i<i  1<p (i51p)
(7‘<ly 1'7.7¢l1 P, irjy l’ P=k1) kﬁ) % kN: m; but ;ékakb)
A o ¥y oX A ot Wk ea ]}
+-2-1 —= 42! ————— Fee [} 25
1_<_¢§1;5N (kakb) + az<b c;i (kakbkckd) ( )

(a<c; a, b%c,d)

Accordingly, there are n such approximate wave-
functions, ¢0,i+‘\x’d.i; (7/—_—17 2, .., m)) (¢0,1+X’d,1E
do+x’a). [The f{PX represent spin, symmetry and/or
configuration polarizations of the spin orbitals, the
fK i,k semi-internal correlations, and the ;£ pair correla-
tions. The reader is referred to Refs. 8 and 9 for de-
tails. ] We develop below some general conditions under
which the ¢q,+x'q,; will also transform (like the
exact ;) according to Eq. (22).

Consider first the spin orbitals and ¢, The spin
orbitals are restricted™® to be symmetry spin orbitals,
i.e., they transform irreducibly under G:

RIB=STO(R) |,

In Eq. (26), k belongs to the irreducible representation

(26)

Xy.= ZCKQ { (kikge -+ Ey) [Zf

a=1

It is a simple vector-coupling problem to determine
the correct symmetry properties for the f’s It does not
seem possible, especially in view of the ‘“polarizing”
nature of the fe®E to relate the symmetry properties
of the f’s to the spm orbitals they replace. Note,
however, that there is no loss of generality to treat x;,;
conﬁguratlon by configuration and to determine to-
gether the symmetry properties of all the f& arising
from determinants of a single configuration. A formal
illustration of the symmetry properties of f’s is given
by Eqgs. (67)-(69) of Ref. (9).

The symmetry properties of the pair functions can
be related, as in the closed-shell case, directly to those
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A, and the summation is only over those spin orbitals 7
which belong to the same irreducible representation.
The number of spin orbitals in A; from each irreducible
representation defines the configuration of A;. Under G
a Ay is transformed only into determinants of the same
configuration. Consequently, symmetry may dictate
the relative values of the Cx for determinants of the
same configuration. How to determine the relative
values of the Cx for a single configuration is discussed
in elementary textbooks on atomic structure and is not
considered here. (The relative values of the Cx for
different configurations are determined’® by the varia-
tional principle.) See Eq. (65) of Ref. (9) for a formal
illustration.

Next consider the one-electron correlation functions.
Denote the part of x'4,; containing only single f’s by x; .

Ukt z]}
(kakb} ’

of the spin orbitals they replace. Consider first the
simplified approximate wavefunction ¢y-+x’,—the anon-
ymous-parentage case® ¢+x’, can be written in
second quantized notation as

@0,i+x"s,i=€Y (do,s4%s.5)

(P)K M

> >

1<a<b  I=1

(l;ékl, kz, e

(27)

% kN)

(28)
where

M
U= E bi,-"aja;.

1<i<y

(29)

Note that U contains all pairs from the set of M spin
orbitals (M >N = number of electrons), and that the
same set of pair functions #;=2%,5-b;" [Eq. (9)]
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(K is irrelevant in the anonymous-parentage approxi-
mation?) is used for all #x’,,;. From the proof of the
theorem in the closed-shell case, in particular Egs.
(11)-(21), we see that the following result is valid:
If the coefficients Cx and the f;®X and f;,X have been
chosen so that the ¢o+xs.; have the correct trans-
formation properties [Eq. (22)], and if the 4,; obey
the same transformation law [Eq. (6) with the upper
limits on the sums replaced by M] as the spin orbitals
they replace, then the ¢¢:+x’,: have the correct
transformation properties [Eq. (22)].

Conditions for which the ¢ ;-+x 4.; transform cor-
rectly may be formulated by treating ¢o,:+x’q4,: con-
figuration by configuration. We only state the results;
the proof is a straightforward extension of the above.
(1) Assume that the ¢ ~+x's,; have the correct sym-
metry properties configuration by configuration. (2)
Let K denote the configuration (rather than the
determinant), let A denote the irreducible representa-
tion of Spin Orbital 7, u that of %, and let 7 run over
the A irreducible representation and m over the p
irreducible representation. If

\) )
Ry =3 S0 (R T (R iy (for Asta),
1 m

(30)

(¢))
R’lzij t I‘IJ()\) Pmk()‘) - mJO\) I‘lk()‘) }ﬂlm

(I<m)
(for x=p), (31)
then equations similar to Egs. (28), (29), and (21)
hold for each configuration contributing to ¢y,; and
@o.:+x a.: will also transform like ¢; [Eq. (22)].
Unlike the closed-shell case, however, the conditions
stated above [in particular, Eqs. (30) and (31)]are
not necessary ones, as can be seen by a trivial example.
Suppose ¢ has the form
$o=3"110{(2p.)*+(29,)*+ (2p2)%}.  (32)
There are three possible pair functions, but only their
sum enters x’s. Two can be chosen arbitrarily, and in
particular in a way consistent with Eq. (31), provided
the third is chosen to make the sum come out right (15).

IV. ON THE CALCULATION OF PAIR FUNCTIONS
HAVING CORRECT SYMMETRY PROPERTIES BY
VARIATIONAL METHODS

In the case of perturbation theory, variational
methods for calculating pair functions separately give
the first-order #,;® satisfying Eqs. (6), (30), and (31).
This is true both for “B(éf)-type pairs” and for “irre-

AND 0. SINANOGLU
ducible pairs”.210:1t A recent statement to the contrary
in the literature' is incorrect.!®

Outside of perturbation theory, with “pairs to all
orders,” the transformation of the variational energy
expression from “B(ij)-type pairs” to ‘‘irreducible
pairs” involves a reapportionment of the energy be-
tween pairs and triangle parts.2 Which type of pairs
may give the smaller triangles part depends on the
system. In either case the number of distinct pairs2!!
to be obtained is of the order of N, the number of
electrons, in the closed-shell case. Once one pair is
obtained, several others differing only in M, Mg
components, and/or spatial orientation have the same
€35.

One method of calculation is to minimize the e;i™
for one-component 4" (e.g., with given M, Ms) of
each distinct irreducible set.2 Then the x’, will auto-
matically have the same symmetry as ¢y.

Another method which yields 4,; with exact over-all
x's symmetry properties is to pick one independent pair
[say (2p.0) (2p,a) in F], and obtain its 4, by mini-
mizing € ;. This 4;; contains certain irreducible correla-
tion functions. Obtain a second @ (say @sp.a,20,8) by
minimizing &4, but do not vary any of the irreducible
components already fixed by 4;; (3P component in our
example). Proceed until all the distinct 4;;’s have been
calculated. This procedure is simplified further if in a
calculation, triangles will be neglected, by minimizing
separately the € ;; with a distinct set of 4;;’s in any type
of description, not just an “irreducible-pair” descrip-
tion, since then the transformed energies are the same
to within the order of effects neglected already.

V. PAIR FUNCTIONS FOR LOCALIZED ORBITALS

The closed-shell Hartree-Fock (HF) determinant
can be written as a determinant of localized orbitals,
7,, obtained from the HF orbitals by a unitary trans-
formation:

7= 2ot [ 1), (33)
l k>=‘étkm,, (34)
$o=@{12---N}=det(t)@{nmo--nv}.  (35)

By replacing pairs of localized orbitals by localized pair

18Y, McKoy, J. Chem. Phys. 43, 1605 (1965). [see also:
M. Geller, H. S. Taylor, and H. B. Levine, J. Chem. Phys. 43,
1727 (1965)].

1 For instance, on the right-hand side of Eq. (5) of Ref. 18,
a term in a trial % of spurious symmetry would not contribute
to the first term in this equation and would give a positive con-
trlbutlon to the second term. Therefore, when %; is varied to
minimize the fs, the spurious term will drop out (along with
its positive-valued contribution to &), in apparent contradic-
tion with the statement made four lines below this equation.
Similar remarks apply to minimizing &;® to get #;;{V. [The
choice of two-electron basis functions with correct symmetry
properties for use in variational calculations has been discussed
recently by H. F. King, J. Chem. Phys. 46, 705 (1967).]
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functions f,;, we obtain®? a localized approximate x:
2e) pPp

A

N
x's(localized) =@ { (nm2* * *nw) [2'1/2 > B
1<v<t (n v"k‘)

N

= ﬁvtﬁu
+2 0 X2 —~——+]} . (36)
1<r<t 1<o<r (nm;nmr)
(v<a;v, {70, 1)
200, Sinanoglu, in Modern Quanium Chemistry—Istanbul

Lectures, O. Sinanoglu, Ed. (Academic Press Inc., New York,
1965), Pt. 2.
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The identity of x’s (localized) with x’, [Eq. (1) ] is the
subject of the following theorem: x’, (localized) =
det(t)x’s [Eq. (1)], if, and only if, the localized pair
functions fi,; are determined from the #,; by

N
by = Z (tvatrlT_tulth(kT)ﬂkl.
1<k<l

(37)

The proof follows immediately upon consideration that
U [Egs. (11) and (12)7] is invariant under the trans-
formation to localized orbitals [Eq. (33)] if, and only
if, Eq. (37) holds.
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Electron Recombination in Hydrocarbon-Oxygen Reactions behind Shock Waves

L. N. WiLson anp E. W. Evans
GM Defense Research Laboratories, General Motors Corporation, Santa Barbara, California
(Received 15 August 1966)

The rate of recombination of electrons with ions behind shock waves in argon containing dilute lean
mixtures of hydrocarbons and oxygen has been measured with a microwave system. The recombination reac-
tion was found to be two body, as evidenced by insensitivity of the recombination coefficient « to changes in
pressure and concentration; and the recombination coefficient for acetylene—oxygen and methane-oxygen
mixtures was found to depend upon temperature as 7-1+% between 2500° and 5000°K. Extrapolating to room
temperature gives a value of @=1.3X1075 cm?/sec, consistent with the electron removal process being a dis-
sociative recombination involving a complex ion. In the case of acetylene, the reaction is probably a previ-
ously proposed scheme: H;O*4-¢~—neutral products. Measurements made ata temperature of about 3800°K,
using ethane, ethylene, propane, and benzene, gave recombination coefficients similar in magnitude to those
obtained for the acetylene and methane, consistent with the recombining ion being the same for all these

hydrocarbon-oxygen reactions.

I. INTRODUCTION

ASS-spectrometer measurements in lean acety-

lene—oxygen flames have led to a proposal for

the mechanism of production and removal of chemi-ions
as follows!:

CH+0—CHO*4-¢, (A)
CHO++H,0—H;0t+CO, (B)
H;07+e¢—Hy0+H (or other neutral products)

(©

Although there is some disagreement as to the validity
of Reaction A, and as to CHO* as the primary ion,
the H;O% ion is recognized as the dominant ion persist-
ing after the main reaction,* so that during the final
removal process [H;Ot]=[¢~]. For a dissociative
recombination process like (C), involving only two
charged species, a recombination coefficient «, in-

LJ. A. Green and T. M. Sugden, Symp. Combust. 9th, Cornell
Univ., 1thaca, N.Y., 1962, 607 (1963).

2H. F. Calcote, in Ref. 1, p. 622.

3H. F. Calcote, S. C. Kurzius, and W, J. Miller, Symp. Com-
bust. 10th, Cambridge Univ., 1964, 605 (1965).

dependent of pressure or concentration, may be defined
by*
de/dt=—ae (H

(1/e) = (1/ey) =ad, (2)

where ¢ is electron density at time ¢=0.

Measured at room temperature, the value of « is
about 107 cm3/sec for a diatomic ion like No+ and a
little higher, or about 10— cm?®/sec, for a more complex
ion like N,t5 Few measurements of recombination
rates at room temperature are available for complex
ions, and none for H;O+.

The predicted temperature dependence of a takes
the form?

or

ax T-3f(T), (3)

where the functional form of f(7") is determined by
details of potential curve crossings of the ion and the
unstable intermediate molecule.?

+D. R. Bates and A. Dalgarno, in Atomic aend Molecular
Processes, D. R, Bates, Ed. (Academic Press Inc., New York,
1962), Sec. 7.

8 M. A. Biondi, T. R. Connor, C. S. Weller, and W, H. Kasner,
in Ref. 3, p. 597.
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