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Explicit formulas for the radial functions V®yy;.:(r1, 72, R) in the bipolar expansion for ris® Yy (612, ¢1s),
712" Yz"' (012, ¢12) =2 (2)\‘[“1) vz (213+1) Uzeh (lm, l]ﬂh) 6130\, m—mi; lz"h)
X Yym1(0, ¢1) Yiym2(8s, ¢2) Yis™ ™1 ™2(0r, d&) VPyay1a1(ry, 72, R),

where r,=11—r;—~R, are derived with the use of the theory of generalized functions and Fourier transforms.
‘When #< —4 and #—1 is odd, there are delta-function terms. In this approach the delta-function terms and
the four-region form of the expansion are obtained from a single, unified formula valid in all regions. Recur-

rence formulas for the V™ 1,54 are given.

I INTRODUCTION

Recently there has been a revival of interest in the
bipolar expansion for evaluating two-electron multi-
center integrals. The bipolar expansion for 7! is well
known from the work of Carlson and Rushbrooke,!
Buehler and Hirschfelder,? and Rose,® and has the
general form,

1412

o U w 12
7,12-1=Z Z Z Z Z Blllglamvnz(rl:r?’R)

11=0 mi1=—11 la=0 mo=—12 I3=|11—12|

X Yllml(ely ¢1) Yl2m2(02: ¢2) Yla_ml—"m(oR; ¢R) . (1)

Here 1, is measured from point A, 1; from point B, and
R runs from A to B (see Fig. 1). The vector 115 is

(2)

Several attempts have been made to generalize Eq. (1)
for 79"Y (612, ¢12). Chiu? and Nozawa® suggested
obtaining a bipolar-type expansion for #51¥ (6,
¢12) by performing two successive Laplace-type expan-
sions, but Sack® has pointed out that their formulas do
not completely separate angular and radial variables,
thus negating the very purpose of the bipolar expansion.
Sack” derived the bipolar expansion of 7%, for # an
integer > —1, in terms of Appell functions, but was
unable to treat completely n= —2 or # not an integer.
In a later paper, Sack attacked the general f(r) Y
problem, obtaining a multiple integral for the radial
functions [analogous to B in Eq. (1)] in which the
integrand involved the solution of an integral equation.
But the method is very cumbersome, and Sack obtained
no new explicit formulas for the bipolar expansion.
Ruedenberg® has reformulated the bipolar expansion
by means of the Fourier transform inversion theorem,

Ii9= rl—rg—R.
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obtaining an expression for the radial functions as an
integral of the product of three spherical Bessel func-
tions and the radial Fourier transform of the function
being expanded. Salmon, Birss, and Ruedenberg? later
discussed the 7, expansion in a novel way, but they
have not treated explicitly any other function of ri,.
In this paper we derive the bipolar expansion for
712" Y ™61, ¢12) . The formulation is essentially the one
outlined by Ruedenberg.® In addition, the theory of
generalized functions is used to define the Fourier
transforms of the »»¥;®, which do not exist in the
ordinary function sense. The derivation closely re-
sembles the derivation of Laplace-type expansions given
in the preceding paper' (hereafter referred to as I).
The well-known four-region form for the formulas
arises naturally in this formulation. In addition, there

F1cG. 1. Definition of the vectors _, T
Iy, Iy, Iy, and R. rl 2

A

are Dirac delta-function terms when #< —4 and n—1 is
odd. Some recurrence relations are also derived to aid
in applications.

II. NOTATION AND CONVENTIONS
As discussed in I, we require
nt+l4+2> —1. (3)

We refer extensively to Eqgs. (4)—-(12) of I, which define
Condon-Shortley coefficients, the partial-wave expan-
sion of exp(¢k-r), spherical Bessel functions, double
factorials, the sgn function, and 8™ (x). The main
difference in notation between I and here is that
and r, are measured from different origins, and ry, is
defined by Eq. (2).
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(1969), preceding paper, referred to as I.
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III. DERIVATION

Write 715" Y ™(612, ¢12) as an inverse Fourier-transform (cf. Ruedenberg?),

72" Y™ (02, b12) = (2m) 3

&’k exp[—ik- (l'l'—rz—R)]F.T. {7”Ylm}, (4)

where F.T. {r"Y "} denotes the Fourier transform of 7Y ;™(4, ¢). Using Eqs (4), (5), and (14)-(16) of I, one ob-

tains

o 1 Hh oo l2 o4
Y0 dn) = 30 3 30 30 S A1) (2t 1)120 (s ) 5, i L)

11=0 mi=—11 A=|i—11| 13=0 mo=—1I3 I3=|l2—)\]

XY™ (61, ¢1) Vim0, ) Vi ™20, br) Vigta1™ (11, 72, R), (5)

where

Vil (1,7, R) (=)0t [ iz o) (o) (RO Taa(B), (6)

and is analogous to v1;1,™ (r, 72) in the Laplace expansion [Eq. (17) of I]. The F,;(%) is the radial part of F.T.
{r"¥Y ™} and is given by Egs. (23)-(25) and (23') of I. If one notes that

Julkr)ji(kre)j1(kR) = —1(—1) itistlsy 1 (pm1d /dr) Yy 2(r571d /dry) 2r R%( R-1d/dR) 1sR—1f—1—1e—15=8
X {sin[k(R+r-+7r) ]+ sin[k(R—r—r.) ]— sin[k(R+r—r) ]— sin[A(R—n+r) ]}, (7)
the integration of Eq. (6) is almost identical with the integration of Eq. (17) of I, and the result is

Vg™ (r1, 72, R) =4 (— 1) i (n 14+ 1) H(n—D 1!

flll+2p1r212+2u2Rl3+2;43

B120,4220,H320

[Mr4-B24B3=(n—l1—-12--13) /2]

X L (204 2u1H 1) 11(201) V(2o 20+ 1) 1 2pz) 112+ 2015+ 1) 11(205) W,

(n—1>0 and even. N.B., V=0 when n<l;+1l:+5%), (8)

= (= 1) WD R - 1) U] (I— = 2) U(nt-ltlyb It 3) (T3 (r=d ) B
X 1312(r571d/ drs) r RIS (R /dR) SR (R4-11 1) w1t 1e4158 Jog | Rbrytry | + (R—ry—g) nHnH sk
X log | R—=n—r,| — (Rt-ri—my)nHistirtlatdlog | Ryri—1y | — (R—rr,) mHivtiatlstd log | R—ritry |7,

(n—I<—2and even), (9)

= (—1) bR L 1) U (U= 10— 2) U (-l Tt B+ 3) 1Tt (rid /) V!
X112 (rs7td /dry) Py IRV (R /dR) BRI (R+-r14-1,) wHatietiat3 son ( R-ryt-ry)

+ (R—ry—pp) wHicatlots son (R—py — 1y) — (R 71— 1) wHHizks48 son (Rt 7, — 1)

— (R—ryry) ntiHietlsts son (R—ry4-15) ],

(n—1 odd), (10)

= (—1)1(l—n—3) W[ (—I—n—3) NT (n— I+ 2) [T (n+-ly+-lo+-la+-4) T
X (rid/ dr) Pt (rd /drs) Yo IRB( R /AR) BR[| R+-1+-rp [wHiatietlstd gon (R4-1+ry)

+ ] R—ri—r, ]n+11+lz+ls+3 sgn(R—r—r) — ] R4-ri—rs ]n+ll+lz+la+3 sgn(R+7,—1r)

—_ i R—r1+72 ]n+l1+lz+l3+3 sgn(R—r1+r2) ]’

IV. REMARKS

When #—1>0 and is even, the series (5) terminates
[Eq. (8)], because r;"V (0, ¢12) is just a homoge-
neous polynomial of degree # in %12, 912, and 2z1;. When
n—I is even and negative, there are logarithmic terms
[Eqg. (9)]. We have not carried out the differentiations
in Eq. (9) because for < —4, the derivatives generate
poles. In this case, one must interpret integrals [ such as
Eq. (2) of I] over the bipolar expansion in the gener-
alized function sense, and either integrate by parts or

(# not an integer). (11)

take the derivatives (by manipulating them into
derivatives with respect to R) after integration. Note
that in Egs. (9)—(11), the use of absolute value and
sgn functions gives a single formula valid for all
(positive) values of r; and 7,. The #—1 odd and < —4
case, Eq. (10), contains Dirac delta functions. In the
next section we separate off the delta-function terms
and also write the remainder in the familiar (at least
for riy™) four-region form.

We note that Egs. (8)—(10) can be obtained from Eq.
(11) by letting » approach an integer and using
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’Hospital’s rule, when necessary. We also note that the
structure of the solutions for V1,150 (ny, 72, R) is that
postulated by Sack.!!

V. DELTA-FUNCTION TERMS

When #<—4, and n—[ is odd, Eq. (10) contains
delta functions. Write

Vlnlzlal(n) = Vlllzlxl(") (no 6)+ Vlllzlxl(n)(s)’
(n—lodd, n<—4). (12)
The sgn(R-r;r) change sign along the lines,

n+r=R, n—r;=R, and r,—n =R, thus dividing nr,
space into four regions (see Fig. 2). One can obtain

2365

$112)

F16. 2. The four regions
of applicability for bipolar
expansion formulas.

formulas for each region by expanding
(R:l:flﬂ:fz) ntlit+istists

as a polynomial and then taking the derivatives in Eq.
(10). The results are

V inta1a™ @0 D (7y, 13, R) =dar (— 1) Wt (14 1) N (1— n—2) 1

X

B120,4220,8320
[F14B24B3= (n—11—1241341) /2]

sion enclosed by brackets],

sion enclosed by brackets],

rlll+2mrzla+2u2R2n3—-la—-1 ]
3

(Region 1, ri+r<R. N.B., Ve d=0, when n—5—L+5L+1<0), (13)
Viiaa™®e (), 15, R) =[same as Eq. (13), except that 1, i, u; and R, s, us are interchanged in the expres-
(Region 2, 7,4+ R<r,. N.B., Ve d=0, when n+,—5—1l+1<0), (14)
Viiara® @0 9(ry, 1y R) =[same as Eq. (13), except that s, l, us and R, I3, us are interchanged in the expres-
(Region 2, n,+R<ro. N.B., Vo ¥=0, when n,—L+5L—5+1<0), (15)

Vit ® @0 9 (ry, 1y, R) = —1) bttt 2 (e 4 1) U (J—n—2) 1

[1=(=D)m—(=1)»
#1220,4220,4320

(F1g-HBo4-k3=n+l14124-1343)

—_— (—1) ”3:]7'1"1_11—1’2"‘2—1rlR“rla—lD,q!!(p1—211"" 1) ”ﬂ2”(ﬂ2—"212'—1) 1!#3!!(#3—213— 1) H]—l,

(Region 3, | n—r,| <R<r+7). (16)

In the Region 3 formula [Eq. (16)], [(—2N) !} is to be interpreted as zero, when N> 0.
The delta-function terms, arising from derivatives of the sgn functions, are readily seen to be

Viutata™® (1, 1y, R) = (27) (— 1) i D2 (g 14 1) U (F—n—2) 1T

[31 s 1

(11+M1) ! (l2+l-¢2) !

(lstus) !

X

K120 B220 K320
(—n—4—B1—B2—H320)

(h=pr) 1(2p2) 1 (o~ pa2) 1(2u0) 1! (L5 —pes) 1(2m3) 1!
X (= 1) 4458(R =y 1) = (= D) #H33(Reb 1) = (—1) 33 Rmrich 1) .

( — 1) B3p Il -1 R—ps—1 ( d / d R) —A—d—p1—HI—p3

(17)

The total §-function contribution can be simplified by plugging Eq. (17) into Eq. (5) and then summing over

I3 and A. One makes use of Eq. (35) of I and the relation

li=0 mp=1I1 lo=0 mo=—l2 N=[I—U| ls=|ls—}|

a4
i (—1) Gutnr2( — 1) Gaktniz( A4 1) 2

X (2l3+1) 12 (dar) 1M (Im; hmy) 3 (Nm—my; lymz) Vi ™™ ™2(0g, ¢r) ¥ ;" (01, ¢1) Vi,™2(0z,¢2)

o] ll [+2] .
=2, 2 2 i (—1) E2(—1) LY (0, $g) V1™ *(0r, pr) Vi, (01, ¢1) V1,7 (02, dpr) V1 2(6s,0),

11=0 m1=—11 l2=0 mo—=—I2

=YV (0r, r) 6(=£Qr) (Q+Qr),
1t See Ref. 6, p. 1776, question (b).

(18)
(19)
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where §(Q) is the delta function of solid angle, to obtain,
[rerY (01, d12) 1 =[Eq. (5) with V™ gubstituted for V7], (20)
=8n2(—1) @R (pH I D)W (I—n—2) 1T D D0 D (=1)ms

E1>0 Bo>0 H3>0
(—n—-4—-B1_B2..B32>0)

X (201) 1(202) 11(2p0) Vry ity s\ Roms1 (4 /dR) —m—t—wi-srns

) {T1 [R2-nn—1) T} {ﬁlfff—w(w—l)]} {ﬁ1[TR2—Vs(Vs—1)]}

XY (0, ¢r) [6(R—r1—12) 6(2—Qr) 8 (D4-Qr) — (—1) “6(R+11—7) 8 (2 +Qr) 8 (2+Qk)
(= 1) #8(R—ri+ 1) 6(u~0r)5(H—0r) ],  (n—1odd, n<—4). (21)

/' av, f v,

of Eq. (21) reduces to a line integral along the internal boundaries of the four regions [see, e.g., Fig. 2]. By use
of relations like

Note that the double integral

1
8(R—r1—73)5(Q—0z) 5(%-+0r) = R / 15t~ R) 8 (1~ R—1R) 217, (22)
0

the result can be cast in terms of one-dimensional integrals over the products of two three-dimensional 8 functions,

[ris Y ™ (B12, d1z) 1O =8m2(—1) WHH2(up L DU (I~n—2) 1] D 3 Do (—=1)
(fgf—ﬁiéelzi%,go )

XL (20) 11(2p2) 11(2us) s iilpmeti Rons=1(d/dR) —m—d—wi-nr-ssR

#3

0001 (TSR T (AR (S|

v1= vo=l v3=

XY (0, $r) (/1 dts(r,—1R)é(r,+R—1R) — /‘” di (—1)#18(r,+1R)8(r,+R+-1R)
0

0
+ (—1)“6(r1—R—tR)6(r2—tR)]) ,  (n—lodd, n<—4). (23)
The simplest example is n=—4, I=3,

1 0
[7'12—4 Yy (Or2, ¢12) ](5) = (8772/15) r17:Y 3" (6r, $r) (/ a3 (rn~R)8(re+R—iR) — / dts(1+1R)6(r:+R+-1R)
0

0

—/m dt&(rl—R—tR)a(rz—-tR)). (24)
0

V1. RECURRENCE FORMULAS

Of the five indices on which the V1,1, depend, the dependence on / is particularly simple, involving only

a multiplicative constant
Viage™ =L (n+143) / (n—1) W a1, (25)

Four more independent recurrence formulas can be derived directly from Eq. (6) along with Egs. (23)-(25) and
(23") of I, and via the well-known recurrence formulas for spherical Bessel functions,

a7Y(x) = [ fua(®) +jia(x) 1/ (204-1), (26)
Jia(x) =a71(d/dx) x4 (x) . (27)

These are
(n—142)"V 10130270 (11, 72, R) =1/ (2041 IV 31,0000 (11, 72, R) — Vs, 1200™ (11, 75, R) J, (28)
=—Try/ 2L+ 1) 1TV t1ea510™ — Vigioi1,10% ] (29)
= —[R/(2s+1) IV uiate1.0™ — Vigrarera 1] (30)
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and

[(nt-htLt-b4) /(=14 2) V0504 =1V i1 1000 =12V iy 1,00 — RV 0050,

$12) 2367

(31)

VII. SUMMARY

The bipolar expansion for 72"Y (61, ¢12) is derived via the theory of generalized functions and Fourier trans-
forms. The results are contained in Egs. (5) and (8)-(11). The four-region form of the expansion is implicit in
the formulas through the occurrence of the absolute value and sgn functions. When #—1 is odd and #< —4, there
are delta-function terms, which have been separated from the ordinary terms in Egs. (12)~(17). The delta-
function part of the expansion is summed explicitly in Eq. (23). Some recurrence formulas for the radial functions

Ve (11, 72, R) are given—Eqs. (25) and (28)-(31).
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Electronic excitation and dissociative electron attachment in XeF; and XeF, were investigated by study-
ing the products of low-energy electron—molecule collisions in the gas phase. The relative abundances of
the major negative ions produced were recorded as a function of the electron-beam energy. Both molecules
attached electrons at ~0 and ~3§ eV and dissociated into a number of negative-ion products. The similar
energy dependence of the various ion currents suggested that the fragment ions were competing for the
electron attached to XeFs or XeF,. The threshold electron-impact excitation spectra were determined by
means of the “SFe-electron-scavenger” technique. No evidence for low-lying electronic states was found.

INTRODUCTION

Xenon hexafluoride was first prepared in 1963.1:2
Since that time, the compound has been the subject of
numerous experimental studies as well as considerable
theoretical speculation. Despite this concentration of
activity, the nature of gaseous XeF is still a puzzle.
Vapor-density determinations® show no association in
the gas phase. The infrared and Raman spectra®—®
have not been explained satisfactorily. Electron-
diffraction experiments™® indicate that the wvapor
molecules do not have octahedral symmetry. Molecular-
beam experiments'®!! show that the dipole moment of

* Research sponsored by the U.S. Atomic Energy Commission
under contract with Union Carbide Corporation.
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XeFs is very close to zero and that the gaseous sub-
stance is not paramagnetic. Mass-spectral studies of the
positive ions produced by electron impact!? showed the
ions XeFg*, XeFst, XeF,+, XeFst, XeFst, XeF*, and
Xet, with the XeFg* ion current being very weak. We
felt that the negative-ion spectrum and the threshold
electron-impact excitation spectrum of XeFs might
give information about dissociation of the molecule
and about its electronic energy levels. Since the optical
selection rules do not hold for low-energy electron-
impact excitation, it is possible to observe states in
the electron-impact spectrum which are optically
forbidden. Studies of the fluorine—xenon system?
showed that the low-pressure thermodynamic equilib-
rium favors the dissociation of XeFs into XeF; and F..
For this reason, we also examined XeF, briefly in the
same manner as XeFs to ascertain if we were actually
observing XeFg in the mass spectrometer. The marked
differences between the ion-abundance curves and the
threshold excitation spectra for XeFs and XeF, showed
clearly that XeFs does not dissociate rapidly at low
pressures to XeF; and Fo.

EXPERIMENTAL

Xenon hexafluoride was prepared by heating an
excess of F, with Xe in a prefluorinated Ni reaction
vessel containing NaF pellets. The vessel was heated
for several days at 250°C and the excess F; and other

2 M. H. Studier and E. N. Sloth, in Ref. 4, p. 47.
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