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A single analytical formula is derived which gives the two-center overlap, Coulomb, nuclear-attraction,
and kinetic-energy integrals as special cases. There are no difficulties when orbital exponents are nearly
equal. Simplification of the derivative operators, which are characteristic of the approach, is discussed in
detail. A computational scheme is outlined, and computing times are given.

I. INTRODUCTION

Despite the extensive literature on two-center inte-
grals with Slater-type atomic orbitals (STO’s), room
remains for further simplification, unification, and
computational economy. In this paper, two-center
overlap, Coulomb, nuclear-attraction, and kinetic-
energy integrals are re-examined with the Fourier
transform technique, and a single analytical formula
for all these integrals is derived. The formula is simple.
It is valid for general mim{ and R values, presents
no difficulties when ¢’s are nearly equal, and is com-
putationally efficient.

Past analytical work on overlap-related two-center
integrals can be characterized a number of ways.! There
are formulas involving specific orbitals,*® schemes™?
or formulas®®~1$ for STO’s with arbitrary quantum num-
bers, formulas with®®1LBI018 or without?45.7—10,12-14,16
singularities when {’s are equal, and formulas derived
via elliptical coordinates,®57:81L.181418 Fourjer trans-
forms S 1112150718 o the expansion of an STO “about
another center.”®!° In general, the formulas (for ar-
bitrary STO’s) with canceling singularities are simpler
in form than those without singularities. Except in
the Fourier-transform method, the overlap and Cou-
lomb integrals require distinct derivations. The ki-
netic-energy integral is usually given as a sum of
three overlap integrals.

In this paper, the overlap, Coulomb, and kinetic-
energy integrals are evaluated as special cases of a
more general, single integral in Fourier-transform
space.1® As a result, one final formula gives all three
integrals, and all three integrals are equally easy to
calculate.® The formula derived here contains deriv-
ative operators, modified spherical Bessel functions,
and exponential-type integrals, similar to those oc-
curing in analytical formulas?2-2 for multicenter
integrals of 1/r,. The computational techniques de-
veloped here are basic to the use of these analytical
multicenter-integral formulas. Moreover, basic com-
ponents of the two-center integrals can be stored and
reused in the computation of the multicenter integrals.

We note in passing that the singularity-free formula
for the overlap integral given here can be incorporated
into the Taylor-series approach to four-center inte-
grals” to eliminate the most troublesome of the can-
celing singularities for equal {’s.

The single formula for the two-center integrals is
contained in Egs. (16) and (21). The computational
adaptation is Eqgs. (39), (44), and (46). The trans-
lation of the single formula to the individual types
of integrals is given by Egs. (11)-(13). Computa-
tional details with computing times are given in
Sec. III.

II. THE UNIFIED FORMULA

A. Derivation

This section contains basic definitions and the for-
mulation of the integrals via the Fourier-transform
convolution theorem. Equations (1)-(17) essentially
are explicit and/or implicit in earlier work®® but are
included here for completeness and clarity.

The overlap, Coulomb, and kinetic energy integrals
are defined by

Stalumate: nblb’rnbi’b(R) = f dV‘I,nalamafa*(r)
X\I'nblbmbi‘b(r_R) (1)

= Sa(R), (2)
Cab(R) = f dVl f dVQhQ*l‘I’a*(Ii)\I’b(I}—R) , (3)
Tap(R) = [ aV¥*(r) (—3V) ¥, (r—R). 4)

The nuclear attraction integrals are equivalent to
overlap integrals,

V@ (R) = [ dV r W *(r) ¥y (r—R) (5)
= St e ma i motimmts (R), (6)
Vas® (R) = Snatemotas no—1.15.ms 2o (R) - (7
The ¥ denotes an unnormalized STO,
Wiy (1) =" exp(—{r) Yim(0, ¢), (8)

where the ¥y is a spherical harmonic, and # and !
are integers satisfying

n> 141, (9)

We note, however, that the overlap formula will be
valid when #n=1, so that there is no difficulty evalu-
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ating the nuclear-attraction integrals with Eqs. (6)
and (7). Note also that the Coulomb integral [Eq. (3) ]
is defined in terms of STO charge distributions.

We recast the T, S, and C integrals simultaneously
via the Fourier-transform convolution theorem®® as
the following integral in transform variables?:

Lot mata; notymsts ™ (R> = (277)”3f d*k B2V
X exp(iK-R) fagtt* (B) frntits (B)

X Vi,m* (0, dn) Yi,"0 (6, ), (10)
where
T=110, (11)
S=10, (12)
C=dnlCD, (13)

and use has been made of the Fourier-transform of
an STOS1

J AV exp(iKT)Wpis (1) =frre (R) Y01y ),  (14)
Jau (k) = 2w (—d/de) " (—k) H(k'd/dk) ™
X [(§—ik) 7= (¢+dk) 2] (15)

We use Eq. (15), which keeps the derivatives ex-
plicit and which was first given in Ref. 15, Eq. (13),
rather than the expanded version given by Geller,”
because Eq. (15) (i) leads directly to singularity-free
formulas, (i) readily permits (—d/d{,)" % to be
treated differently from (—d/d¢s) e, and (iii) allows
the derivatives in the similar functions 4. (x, ¥) and
A (x, v) to be treated differently [Eqgs. (37), (38),
(44), and (46) below].

The angular integrations in Eq. (10) are readily
evaluated with the aid of the well-known expansion?
of exp(ik*R) in terms of spherical Bessel functions
[/(kR)] and spherical harmonics, and with the aid
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of Condon-Shortley coefficients® [cM(lamy; Lom,) :

== g [+ /4]
==|lg—1Lb
XC)‘(lb, M la, 'ma) Y)\mb_m“(oﬁ, ¢R)]nb)‘(‘V)(R), (16)
Tan @ (R) = 12 / CdR Ve, (k)
0
X fout, (B) n(kR). (17)

The integration over k£ in Eq. (17) is carried out
with complex variable theory techniques via the fol-
lowing steps®:

(1) Replace

© 1 ©
/dk by Ef_wdk

0

since the integrand is even.
(2) For ($uzztk)™" in fu,us(k), use

(¢atik) "= Rog[ ({uzzik) R]— Rao[ (¢uik)R], (18)
where the exponential-type integral? «,(z) is
an(x) = (—d/dx) s  exp(—zx), (19)
and where
G (%) = (®) —nl a7l (20)

(3) Tor the & terms, “close” the contour for the
exp(tkR) [exp(—ikR)] part of the 7 (kR) in the
upper [lower] half-plane, and evaluate the integral
(after integration by parts I, times) as 2mi [—2ai]
times the residue at k=14, [ —1i{s .

(4) For the ao (Cotk)R] [ao[ (£a—1k)R]] terms,
“close” the contour in the lower [upper] half-plane,
and obtain (after integration by parts [, times) —2wi
[2r7] times the residue at k= —i{y [+

(5) Steps (1)—(4) above generate a simple pole
at the origin when N=—1 (Coulomb case) and
A=l,4h, vielding additional residues at k£=0. The
final result is

Jan @ (R) = (— 1) N o2 Rt et i=2X (d [ gy ) mo=lo{ (— 1) 1n (py 1l /el py) Ty o+ 2NHTE (1) (o572l / dp) 'ops?
X [Qnta (patpb) — 1, (pa—pp) 1+2(— 1) % (057 'd/ dps) "pplat 04219y (03) (p5'd/dps) “p1 a1, (patp0)
0N, abn 11,2 (— 1) s 22 (20) (20— 1) 1/ (204 1) U S8t t,41 (Pa) — O3, —18n 1,2 (— 1) lapy =212

_— X [(20) (20, —1) 11/ (2N-1) a1 (pa) | (21)
where**

pa={aR, (22)

pbzg‘bR: (23)

5 (%) = (—2)Ma~d/dx)a~ exp(—2), (24)

Ia(x) =x(x~1d/dx) x ' sinh(x). (25)

B. Remarks

Equations (16) and (21), through Egs. (11)-(13), constitute a single, unified formula for SCT (and V)
integrals. Moreover, since {o—{s (in the form p,—ps) appears as an argument only in the singularity-free &,—s,,

there are no difficulties when ¢,—¢~0.
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From Egs. (10)~(13) one can immediately deduce the Poisson equations,'
Ve’C(R)=—4xS(R), (26)
VetS(R) =—2T(R). (27)

III. COMPUTATIONAL DISCUSSION

A. Expansion of Derivatives

We discuss the simplification of the derivatives in Eq. (21) in detail, because the usefulness of the present
formulas and of analytical formulas for multicenter integrals given previously” 22 hangs on this simplification.

The first step is the identity,
[(no=15)/2] (nb_ lb) !

1/ doy) Mo =
(d/dpr) X aTh—a ()
which casts all the derivatives appearing in Eq. (21) in the form (psd/dps). The [(m—12%)/2] denotes the

largest integer < (1m—15)/2.
The second step [after substituting Eq. (28) into Eq. (21) ] is to regard the non-dy 1 terms as (ps~'d/dpy) =7
operating on the product of three factors. The first factor is

123 o1 dpy) 3 (28)

pplat AN+ (29)
The second factor is either
v Kalps)  or psa(po). (30)
The third factor is either
(ps~2d/ dps) *p5 (G- 1, (patPb) — Ging— 1, (Pa—p5) ] (31)
or
(ps='d/dpy) 'ps0tn,~ 1, (patpb) - (32)

This decomposition is motivated by Leibniz’s theorem for the differentiation of a product, which is adapted
here in the form

(psd/dps) ™[ F (o) G(po) H(ps) J= 2 (m=g) Cos'd/dpy)*F1[ (o5~ d/dps) ‘G (ps~*d/dps)*H ], (33)

s+ ttu=np—j sttlul

and the simple rules,

; Lot N2V +1) 1
(p5~1d/ dpy) *pplet T 2N+1 = (Za(—f—lb -{—b)\—f—ZN—{— — )2 T plat NN H—2s (34)
(po~d/dpy) tps K (pv) = (—1) o5 Konse(ps) (35)
and
(p5'd/dps) "5 91 (1) = p5 ™ 'Inpe(pv) - (36)

The third step is to regard the repeated derivatives of the third factors [Egs. (31) and (32)] as special,
auxiliary functions:
A (x, y) = (—x) o ld/dx) e o (2 +y), (37)

A\ln (=, y) = %,gd(x—ld/dx) lx_l[&n (y—l'x) _&n(y_x) ] (38)

The expanded expression for J,n® then becomes?

(2 =111
Tan® =Byl Rrst w3 -2 (g 1) U =5y 1ty (— 1) St 1o (o
bX N ,—1 P (m bt 1) H =8 140, (—1) (2t 1) 1 (2 1) 1! Grngtlot1(pa)
(2= 1) 1! (oM ()1
+5 el _1) la oo (Pa _|_ —1 N+nb—lb4 Rnu+nb+1—2N
M (DS Gy a1 () (DT 5 nh—2) )0

(=) (b b 14-28) 1!
sttdumni—i ST 2l (Ll A 1428 —25) |

X L oI (= 1) R0 (p6) Aty yu.na- 1, (06 pa)

+ ( - 1) u+la+lbg)\+t (Pb) A latu,na— 1 (Pb, Pa) :l- (39)
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B. The Auxilliary Functions 4 and A

The A4 and A are related to the .S and P functions
of Barnett and Coulson®0:;

Aw(x, ) = (2/m) P28, e e (y/, 1),  (40)
A, 3) = (x/2) 2 2P 1o (3/%, ). (41)

The 4 and A are actually definite integrals of (spher-
ical) Bessel functions,

A, y) = / it 1 exp(—yl) Ka(at),  (42)

1

1
Az, y) = f i 1 exp(—yl) di(at),  (43)

0
which are discussed in standard reference works.? =
A complete set of recursion formulas®® can easily
be derived from Eqs. (42) and (43) and the well-
known recursion formulas for Bessel functions. After
some exploratory work with recursion schemes, we
concluded that the simplest, most reliable ways to
calculate the 4 and A were the explicit, finite sum

for the former,
l

A, y) = 2 (I-m) 1[(I—m)! (2m) 1]

m=0

X o m(x+y), (44)

which follows from Eq. (37) and the identity,
!
(—x)ad/dw) e = 3 (I4m) I [(I—m)! 2m) W]
m=0

Xam1(—d/dx)m, (45)

and the Taylor series for the latter®

Aua(x, y) =~ L at

8=0

X Gnpatinres (9)/L(2H-25+1) 11 (25) 11T (46)

which follows from Eq. (38) and the series,

Qa(y=£x) = E} (F2)"@nim(y) /ml. (47)
Equations (44) and (46) are useful primarily because
all the terms are positive. The equivalent of Egs.
(44) and (46) were used by Barnett and Coulson’®*
[Indeed, most of the special function used here were
used by Barnett and Coulson. Despite the use of
similar functions, however, the final schemes are very
different, as is illustrated in the Appendix. The present
scheme appears much more efficient, especially as =
and ! increase. ]

C. The Special Functions a,, &, X., and J,

These function have been studied by numerous
workers 1332 The methods we found most useful
are summarized here. Insofar as we can determine,
the scheme for computing &, has not been used before.
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The a,(x) are accurately computed recursively from
(48)
(49)

ao(x) =t exp(—x),
an(x) =21 [exp(—x) +non-1(x) .

The XK.(x) are accurately computed recursively
from

Kolx) =" exp(—x), (50)
Ki(x) = (x7'+a7?) exp(—w), (51)
Ka(x) =[(2n—1) /a]K0-1(2) + Kn2(x) . (52)

The 9, are calculated by a slight modification of a
method used by Corbato.® One calculates by downward
recursion the ratio

ra (%) =9n(%) /In-1(x), (53)
via
ra(x) =2/ (2n+14x rnp1).
Then one computes 9,(x) by upwards recursion from
9o(x) =x"'sink(x), (53)
gn(‘x) =7n(x)xgn—l(x)' (56)
The highest ry(x), which is required to start the
downwards recursion, is obtained (unlike Corbato®)
from the continued fraction,*

2n+1 1 1
= — + - ) —|— LI
x (2n+3)/x  (2n+3)/x
The &, satisfy the same recursion formulas as a,,
G (%) =271 [exp(—a) +1du-1(x) ], (58)
except that

(54)

(57)

7yt

&o(x) =21 [exp(—x)—1]. (39)

However, upwards recursion loses accuracy when n>>ux,
and downwards recursion loses accuracy when n<x.3
The method we used involves both upwards and
downwards recursion to an intermediate value of
(determined empirically). The downwards recursion
is via the ratio method. Let

Ta(%) =8y (2) /&n1(2).

Tac1 (@)= (n—1) /[ (n+x) —x 7. ].
The highest 7, i¢ obtained from the continued fraction,
_ n/(ntat D)
1+

—x(n+1) /[(n+1+x) (n+24=x) ]
1+

—x(n+7) /[ (n+j+=) (ntj+1+x) ]
1+

The downwards recursion is stopped at
m=max{0, [4+0.367 (x—10) ]}, (63)

where, again, [ ] denotes the “integer part.” Then

(60)
Then
(61)

Tn

cee (62)
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the value of &,_1(x), obtained from upwards recursion
with Egs. (58) and (59) is used, along with

G (%) =710 (%) X 81 (2), (64)

to convert the 7’s into &’s. Accuracy is usually seven
decimal digits on a 36-bit IBM machine.

D. Computational Scheme and Times

The basic computational scheme we use is as
follows:

(1) Determine maximum indices on special func-
tions.

(2) Calculate and store tables of &n(pu), on(pa),
a"<pa+pb> ; K (Pb), g"(pb) .
_(3) Calculate and store tables of Awn(ps, p.) and
A {po, pe) from the a,(p.4+ps) and &n(_pa).

(4) Calculate and store Jun™.

(5) Calculate and store ¥y™ ma(fg, ¢r).

(6) Perform multiplications and summations in Eq.
(16). The c*(l, my; L, m.) are calculated as needed,
and are not stored.

The Condon-Shortley coefficients were calculated
with a program written by Dr. Edward F. Hayes.
Since our primary interest was the method for the
“radial” functions, no special attention was given to
the optimal incorporation of the Condon-Shortley
routine. An improvement in efficiency would result
from storing a table of the Condon-Shortley coeffi-
cients and retrieving them (rather than calculating
them) as needed.

Two “driver” routines were written, one to cal-
culate all nonzero S, 7, V@ and V® integrals, the
second to calculate all nonzero Coulomb integrals.
To test the method, calculations® were carried out
with a basis consisting of all STO’s with n<3, [<n~—1,
with a different value of ¢ for each (nl) set on each
atom. (There were fourteen basis functions on each
atom.) The Coulomb integrals calculated by the
routine were for charge distributions arising from the
products of STO’s, and the program expressed these
products as linear combinations of STO charge dis-
tributions at an intermediate stage of the calculation,
as required by Eq. (3).

There are 14X14X4=784 STV@V® integrals, but
only 184 are distinct and nonzero.

There are 14*=38 416 Coulomb integrals, but clearly
one need consider only (14X 15/2)2=11 025 integrals.
Only 1,338 are distinct and nonzero. The total com-
puting time on an IBM 7094/1 for the STV@V®
integrals was typically 1.8 sec, i.e.,, 10 msec, per dis-
tinct nonzero integral. Approximately one-fourth of
this time was used to ‘“set up” the calculation and
to compute the Condon-Shortley coefficients. The
total computing time for the Coulomb integrals was
typically 60 sec, i.e., 45 msec per distinct nonzero
integral. Approximately half of this time was required
to “set up” and to calculate Condon-Shortlev coeffi-
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cients. “Set up” time means the time to determine
which integrals to calculate and also includes the
output time. These computing times seem to compare
favorably, especially in the Coulomb case, with recent
quotations® but seem slower than some numerical
integration schemes.''* We emphasize, however, that
in our scheme there is no difficulty either with large
(¢R) values or with equal {’s. We also emphasize
that the times quoted here are not based on an op-
timum computer program. Clever programming, the
use of prestored coefficients in Eq. (39) (cf. Ref. 16),
and recursion formulas for the A,' and A,' func-
tions®® would reduce computing times significantly.
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APPENDIX

This Appendix, stimulated by referees’ comments,
is to demonstrate by example some differences be-
tween the present scheme and the Barnett-Coulson
scheme 10

Superficially, the results of both schemes appear
similar, like two houses built from bricks. The ar-
rangement of the bricks and, in some cases, the nature
of the bricks, however, are quite different. For in-
stance, if one examines the overlap integral between
two 1s orbitals, the formulas of the two methods are
not just nonidentical, but considerable effort is neces-
sary to show their equivalence. We have chosen the
example of the Coulomb integral between 2p, and 1s
charge distributions, Csp, 15=Com,; 100, to exemplify
the difference between the two methods, because for
this integral the Barnett—Coulson scheme makes use
of distinctly different mathematical functions. [The
z axis is taken parallel to R.]

In the Barnett-Coulson scheme, C,,, 1, would be
evaluated via the following equations and tables of
Ref. 9: Eq. (56); Table 9, the entry (1s 2p,, 1s, 1s5);
Table 11, the entry (n=4); and Eq. (17). With the
aid of Eq. (41) of Ref. 10, the result is

Cop, 16=Ne{8[Z0.0112(0, p) —Zo,2,112(0, po) ]
—8[Zo,01/2(Sa/S, o) —Z0,2,112(8a/ Eby 0) ]
—8(8u/ 1) [Z0,032($a/Sby p5) —Z0,2,3/2(Sa/ S5y p3) ]
—4(8a/50) L Zo,0,512($a/ by p1) —Z0,2,872(Ea/ Cby o) ]
~ (£a/58) [ Zo0.112(Ea/ Sty po) —Zos212($a/C1y o0) I}, (A1)

where N, is a normalization constant. Analytical for-
mulas for the Z’s are given in Eqs. (47)—-(48) of
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Ref. 10. The basic result is

Zow,iapp(k, 7) = Kypapa(7) Py, npap(x, 7)

FLogp2(7) Sy, (i, 7)), (A2)

where I.y1 and K, differ only slightly from 4,
and X,, and where .S and P are related to 4 and A
via Egs. (40) and (41) above.

Our formula for Cyp, 1, [Eqgs. (3), (13), (16), and
(39)] is

Cap, 16=N{(2/3) p5 1 (pu) —du(pa) ]
+ 057 (%1 (pv) A1 (s, pa) +91(ps) A1 (v, pa) ]
) (Pb)All(Pby pa) —92(ps) A11(pv, pa) ]
+%: (00) Ans (oo, pa) — 1) Aua(pi, p) T}, (A3)

where N contains normalization constants and powers
of R.

Despite the superficial resemblance between Eq.
(A3) and Egs. (A1) and (A2), the significant dif-
ferences are in the nature of the functions that ap-
pear. The Ay, and Ay, that appear in Eq. (A3) [and
Eq. (39)] can be expressed entirely in terms of o
and &, functions. In contrast, some of the Z func-
tions in Eq. (Al) require additional functions. For
instance, Zoz2,1 involves [Eq. (A2)] Sypmse, which
according to Eqgs. (47), (48), and (51) of Ref. 10 is

Siy22(8a/ oy po) = (m/2)12 [ pres(patp) +3 Ex(pa-t-pv)

+3 5 Ex(patpr) 1. (Ad)
The exponential-type integral,
Fon(x) = f d £ exp(—at), (AS5)
1

is a more complicated function than the a, or &,
and it is a specific part of the Barnett~Coulson scheme
not present in the scheme described in this paper.

To summarize, in general the Barnett-Coulson for-
mulas can involve the exponential-type integral E,(x),
which does not enter our formulas. When reduced to
basic functions, our formula seems to have fewer
terms. It is to be emphasized that our formula is
explicit, transparent, and general, whereas the Barnett—
Coulson method is a scheme based on recursion rela-
tions (which are not always simple or stable); it is
not particularly transparent, and the formulas given
are for specific values of # and /.
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