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The theory of generalized functions and Fourier transforms is used to derive the Laplace-type expansion
for r1g* Y™ (612, ¢10) . This approach leads naturally to a general formula for the Dirac delta-function terms

which occur when #< —3 and #—! is odd.

I. INTRODUCTION

Integrals involving Y (8, ¢), which occur in the
calculation of molecular properties, often can be sim-
plified by expansions similar to the Laplace expansion
for 1 / *19,

nit=dr ) r e (24 1)
=0

!

X Z Ylm*(017 ¢1) Ylm(027 ¢2) . (1)

m=—

Laplace-type expansions for solid harmonics, 7*¥ " and
r~1Ym have been derived by Hobson! and others.?—®
For arbitrary #, Chapman® treated #?, and Sack?
treated r» and r*¥;™. The remarkable discovery of delta
functions in Laplace-type expansions of 7 #1¥;™ was
made in 1962 by Pitzer, Kern, and Lipscomb,” who gave
explicit formulas for /=2 and 3. Since then the delta-
function terms have not been treated in any more detail,
and no delta-function formula has been given for the
general case.

The purpose of this paper is to derive the delta-
function terms in the Laplace-type expansion of r¥ ;=
where » is an arbitrary integer. We use the theory of
generalized functions and Fourier transforms?® which
greatly facilitate the derivation. Although the non-
delta-function terms have already been obtained by
Sack,? considerably simpler formulas are given here for
certain cases.
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II. NOTATION AND CONVENTIONS

Before proceeding, it is necessary to state what is
meant by an integral involving r¥ ™,

[ avrvee, 95, @

when # is < —3, and f(r) is any function analytic in x,
¥, and z at r=0. The difficulty is that the integrand is
singular at r=0. We adopt the convention that inte-
grations over angle are to be carried out before inte-
grations over r. Consequently the contribution to the
integral (2) from the region about r=0 is finite and well
defined when

(3

Throughout this paper we assume the inequality (3) to
hold.

Let ¥7(6,¢) denote the usual complex spherical
harmonics, 1y, 1y, =113, kK, etc., denote Cartesian co-
ordinates, and let (f, 01, (f)l), (rz, 02, ¢2) ) (712, 012, ¢12) y
(k, Ok, ¢1), etc., denote the corresponding spherical
polar coordinates. We use the Condon~Shortley
coefficients,?

nt+l+2>—1.

[(20-1) /Ax] 213 (Im; L, mtg) = f QY Y MY

(4)

the expansion,2

0 1
exp(ik-r) =dm D iYi(kr) 2 Y™ (6, ¢) Yim(6, ¢),
m=—1

150
(5)

the spherical Bessel functions,®
Ji(x) = (—=) ' (x1d/dx) ! sinx (6)

= Zij (—1) 7 [(2) N2+ 2+ D) U, (7)

®E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, London, 1935).

M. Abramowitz and I. A. Stegun (Eds.), Natl. Bur. Std.
(U.S.), Appl. Math. Ser. 55 (1964): (a) Eq. (10.1.47), p. 440;
(b Eq. (10.1.25), p. 439,
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the double factorial function, where
=2NN|
(2N) 1=2VN, (8) F.T.(rmVm= / AV exp(ik-D)rY (0, ¢)  (14)
(2N—1)11=(2N) I/(2N) !! (9)
=(=D¥/(=2N=-1)11, (10) =4tV (O, di) Fi(k), (15)

the function,

sgn(x) ==/l x|, (11) Fni(k) = /m drr 2, (kr), (16)
and the nth derivative of the delta function,? 0

5 (x) = (d/dx) "8 (x). (12) and

V1™ (11, 12) =4(—1) Gt
III. FORMULATION

Write 712" ¥ (019, ¢12) as an inverse Fourier transform, X / ” dkkjy, (k)71 (kre) Fa(k).  (17)
112" V(B2 d12) = (2m) 3 h
(n)
y f Pk expl— ik (ri—1) JET. (1 ). IV. EVALUATION OF F,; AND oy
To evaluate F,,;(k) it is necessary to use the theory of

Then use Egs. (4) and (5) to obtain! generalized functions. With Eq. (6), F..(k#) becomes
[l Hh
12"V ™ (Ora, d12) = zlgo ZFHEM V™ (11, 72) Fa(k) = —3(—k) 1 (k1d/dk) ’+1/ dr | r |t coskr.

(18)

no /904 1\2

X E ( i-l_ ) c2(lm; lymy)

mi=—lL =T The integral in Eq. (18) is the Fourier transform of
XY (0, ¢1) Vim0, ¢), (13) |7 |*!in the generalized function sense,”? which is?

/m dr | 7 |"t coskr =27 (—1) = DIg—U ()| (n—1even; n—1>0) (19)
=g(—=1)n-Dizpt-r-1gon (k) /(I—n—1)!,  (n—Ieven;l—n>2) (20)
—2(— 1) BB () hrt (el odd; n—I>1) (21)

=2(—1) w=tDi2gi=n1(log | k| +C) /(l—n—1)1,  (n—lodd,l—n—120), (22)

where C is an irrelevant constant which doesn’t survive the differentiations in Eq. (18). When Egs. (19)-(22) are
inserted into Eq. (18), and it is realized that &,;(k) will always appear in an integral multiplied by a function
vanishing at k=0 at least as fast as &£**!, we find that

Fur(B) =[(n+I+ 1)1/ (I—n—2) ]f3, (n—1odd), (23)
BHG (B) =k (p4-14H1) N(n—1) 11{ —1) erD2g50D(R) /(n+2) | (n—1 even, n—1>0), (24)
=k‘+1%1rgt—j;ft—;§iik—"“3 sgn(k), (n—Ieven, I—n—220). (25)

Substituting Eqs. (23)—(25) into Eq. (17), using Egs. (6) and (7), and also using
Fu(kr) fu,(kry) = 3(—1) ¥l W (p 230 dry) Yy b2 (rgd fdry) oy k12 cosk (r—r2) — cosk(rit12) ], (26)

1 Equation (13) is identical with Eq. (20) of H. J. Silverstone, J. Chem. Phys. 47, 537 (1967), which sets up this problem by an

equivalent method.
12 In the ordinary function sense

oo

/ dr | r [*¢ coskr

has no meaning.
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we obtain the very simple expressions,

,1l1+2mr21 2+2p2

Il1+#z=(nz—ll—lz)/2 (20 2+ 1) 11 201) (20t 2p+ 1) 11 (2p) 1
B120,#220

V1™ (1, 12) = 4w (= 1) 2 (n+14-1) H(n—DH

[n—1Ieven; n—I1>0. N.B., 2,1, =0 when ,1+L>n], (27)
= 2 (— 1) D (- 1) W (1= 2) Wbl Tt 2) TPt (r0d dr) oy
Xrt2(ry7id/dry) o [ (n—ry) mHit it log | ry—1y | — (rt-m) mHIH log (r1-72) ],

(n—Ieven;l—n—22>0), (28)

—1 7\ 1
=2r(—1) o=ty I D) U (I—n—2) N (nt+hFT2) T int (’; d) Lt

7y

7 2—1d

dfg

t:
xyzu( )2r{l[(n—rg)”+’1+’2+25gn(n—fz)—(71+fz)"+“+l“+2 sn(rtm)],  (n—lodd). (29)

One can also treat the case # is not an integer by the present approach. The corresponding formulas are

For(B) = cosl 2 (n+1+1) 70 (n—1+2) ((l—n—3) I

(e E—— | & [7"3(sgnk)’, (23)

(I—n—3) 1!
(~l—n—3)1

-—ld 43 -—1d 12
41,0 (1, 12) =20 (— 1) D (n—]+2) I:I‘ (n+h+143) T'n (r:ir ) i1l (rji ) rgt
1

T2
X (l f1+1’2 [n+11+lz+2__ I o ln+lx+h+2), (27/)

in which T' denotes the gamma function, the gamma-function reflection formula has been used, and the ratio of
double factorials has an obvious meaning. This case was treated by Sack,? but the above formulas are more trans-
parent than his.

V. REMARKS

That the series (13) terminates when n—I is even and nonnegative is well known. The simple version of Eq.
(28) {for the case #—1 even and negative, although implicit in Sack’s work,® seems not to have been given before
in its general form. We have left the derivatives explicitly in this formula (28) because for #< —3, taking the
derivatives would produce a pole at r,—r; which would not be integrable in the ordinary sense. This nonintegrability
remains if one expands in (r</r-). The integrals do exist in the generalized function sense, which here would be
equivalent to taking the derivatives after integration or (when appropriate) to integrating by parts. The formula
(29) for n—! odd contains delta functions implicitly when #< —3 via

(d/dx) sgn(x) =28(x). (30)

The & terms are discussed in the next section. A rather extensive set of recursion formulas for the v;,;,;™ has been
given by Sack.?

VI. DELTA-FUNCTION TERMS
We now separate the delta-function terms from Eq. (29). Write for the case n—! odd, n< -3,
V1™ (71, 72) = 00 ™ @ D (71, 12) + 0110 O (11, 7). (31)

The part without & functions is easily written in terms of 7. and 7, the larger and smaller of 7, and 7,, and their

3 In some equations, sgn(ri+r;) appears. Since both 71, 7.>0, sgn{ri+7;) is essentially=1. Moreover, the delta functions
generated by (d/dry) sgn(ri+7:) =26(ri4r;) do not contribute to integrals for the cases discussed in this paper, because the
integrands vanish sufficiently fast as (r14r2) —0.
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(d-I>—lct1)/2

V1@ 8 (y, 75) = dar (— 1) et D2 (e [ 1) N (D 10— 2) 1]

y=0

r>"(r</rs) <t

T —— 20) (b — L 1—2) U( 2t 2+ 1) 1(2) 11

(n—1 odd. N.B., 97,3, e =0 when n+1l»—Il+1<0).

(32)

The & terms come only from the derivatives of sgn(r,—7,) in Eq. (29). Terms like 8(r,+7,) cannot give a nonzero
contribution to integrals under the conditions discussed here. After a few minor manipulations to change r,’s into

75’s, the 8-function terms are seen to be

(n)(8) — — 1) (nt1—1)/2
V™ @ (1, 1) =dm(—1) U—n—2)T]

#1=0

(i1 & &
TR 2

K2=0

(—1)us (h4-w) !

(—n--3—H1_H220)

(

(l2+ﬂ2) !
lo—p2) 1(2p2) !!

(h—p) 1(2p) 1!
8(r—r)

d \—r—8—p—s2 —
i (d—) o ST (33)
1

Equation (33) can be plugged into Eq. (13), and the summations over /; and /; can be carried out with the aid

of

() LO—p) T 13m0, ) =1- 2o [12— 2] - - [ R~ p(u~ 1) JTA"(6, ¢)
([T [ (= 1) Tam(6, 8),

y=l

(34)

(35)

where 12 denotes the usual dimensionless orbital angular-momentum operator squared, and where the empty
product (case p=0) is to be intepreted as unity, and with the aid of

+h

D CQhA-1) /4w T2ct (s byoma) ¥ ogm=m3 (8, o) = ¥ ™ (2, o) Vo,™* (8, ),

le={i—11]

o2} u
Z E V™% (,, ¢2) Vi1 (61, ¢1) =6(e),

11=0 mi=—11
to obtain
41

[re"Y ™6y, ¢12) D= i >

11=0 l9=|1—11|

(41
V3150 D (71, 75) Z

mi=—I1

71_26(71—72)6(912) = 6(1‘1—
2L+1

(36)

(37)
1), (38)

1/2
= ) ch2(Im; lymy) Yo" 1 (01, 1) Vi, ™1(6s, ¢2)  (39)

=4x(—1) D2 (1) N (I—n—2) 1] Z Z( 1) #2[ (2u) 11(22) 11T

P20
(—n—3—# 1—“2>0)

rlH1 H [12—va(va—1) J¥ (02, ¢2) H [L2—n(n—1)J(n—r.),

d \—r—3—m—p2
X 72—/42—1 -
dr Pl yo=1

v1=l1

(n—1odd, —2—3<0). (40)

The specific cases given by Pitzer, Kern, and Lipscomb? are readily obtained in an orientation-unrestricted form:

[ 3¥ (s, pr12) 19 = — (4/3) Yo (85, ¢2) (11—
[rig V5™ (812, d1a) J® = — (4n/15) {7 (d/dry) 1, Y5 (B3, o) +3r5 [ V™ (s, ¢2) 1?

Note that to use Egs. (33) and (40)-(42), first inte-
grate over Iy, then operate with the (d/dr,) and T2

It should be realized that when used in an integral
whose integrand consists of radial functions times ¥;™’s,
the form of the delta-function terms given in Eq. (40)
does not necessarily provide a computational advantage
over Egs. (33) and (39). Should the integrand be a
more general function of (=, v, 2), however, then Eq.
(40) is more advantageous, because it yields a finite
number of terms. In this case 1> and (d/dr.) can be
evaluated in Cartesian coordinates.

(41)
(42)

r2) ]
—12V5m(62, ¢2) J}8(1i—12).

VII. SUMMARY

The use of the theory of generalized functions and
Fourier transforms yields a simple derivation of the
Laplace-type expansion for 71,*¥ (81, ¢12), Eqgs. (13),
(27)-(29), (31)-(33), and (40). When n—1 is odd and
n< —3, the expansion contains Dirac delta functions,
which are automatically obtained in this approach. A
unified formula, Eq. (40), for the delta-function terms
is given.
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