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A new method for obtaining energies without integrals, which combines the formalism of the “method of
moments” with the spirit of the “local-energy method,” is proposed. This “method of local moments”
avoids some of the convergence difficulties of the method of moments and some of the arbitrariness of the
local-energy method. Advantages and disadvantages are discussed, and some features of the method are
illustrated by examples. Several generalized versions of the method are also discussed.

I. INTRODUCTION

Evaluation of integrals is a major difficulty in quan-
tum-chemical energy calculations. One approach to
avoiding integrals is the “local-energy” method (LEM)
of Frost.! (It is possible, however, to regard the LEM
as a particular approach to numerical integration.!)
We propose here a new method for obtaining energies
without integrals. Because this method is suggested
by the conventional method of moments? (MM) and
has some of the spirit of the LEM, we call it the
“method of local moments” (MLM). In particular,
the secular equation for the energy is identical in form
to the basic equation of the MM [see Eq. (11) below],
but the conventional moments of the Hamiltonian
(¢, H*¢)/($, ) are replaced by local versions
H*(X,) /¢(Xo). Since no integrals are needed, basis
functions with complicated r;; dependence can be used
for many-electron problems. Furthermore, some of the
arbitrariness of the LEM and some of the convergence
difficulties of the MM are avoided.

II. LOCAL-MOMENT LEMMA

Our method for calculating energies is based on the
following lemma:

Lemma: Let H be any Hamiltonian, and let  be a
function which can be expressed as a linear combination
of the eigenfunctions of H. If at the point x=x%, of the
configuration space of H,

lll(xﬁ) ;é()’ (1)
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and if
HY(%) = ER(X),

then E is an eigenvalue of H.
To prove the lemma, first expand ¢ on the eigenfunc-
tions x; of H:

(B=1,2, ¢+, @), (2

Hxi(x) = Eix:(X), (3)

W(E) = Socoi(x). (4)

=1

(For simplicity, we have taken the spectrum of H to
be discrete.) Next compute exp[—A(E—H)*J(x),
where X is an arbitrary parameter. From Eq. (2), one
obtains

exp[ — M E—H)* ] (x0) =¢(%0). (3)
From Eqgs. (3)-(3), ¢(x,) is given by

Y(x0) =3 exp[ —N(E—E)Tooxs(Xs).  (6)

=1

The left-hand side of Eq. (6) is independent of A and
#0 [Eq. (1)]. We evaluate the right-hand side at
a convenient value of A, A=oo. When E;>E,
exp[ —A(E— E;)?]—0 as A— . Thus all the terms in
Eq. (6) for which E,;# E contribute zero. Since the sum
is finite and 0, the E must coincide with some eigen-
value of H, say E;, and then

E=E; (D

¥(%) =exp[ —M(E— E;)*Jeixi(%o) (8)

=¢;x;i(Xo) 9

=0, (10)
Q.ED.
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III. METHOD OF LOCAL MOMENTS

In this section we develop several methods for calcu-
lating approximate energies, based on Eq. (2). We
begin heuristically from the standard method of mo-
ments. The basic MM equation? for the energy in the
nth order? given a function ¢, is

1 3 3 3Ch
E 3 3 3,
det| B2 3C. 3Cs 3o | =0, (11)
l::" Hr FHupa 3Con
where
3= (¢, H¢)/ (¢, ¢)- (12)

Equation (11) is most simply derived?* {from the
variational principle with the basis set

{pi=H"gp[i=1,2, -+, n}.

The equation for the nth order energy in the method
of local moments (MLM) is obtained formally from
Eq. (11) by replacing 3¢, [Eq. (12)] with its local
equivalent

3¢k (%0) = [H*¢ (%) /$(X) o, (13)

where X, is some chosen point in the configuration

1 0 0

E 31— E 3o—EX

det E;2 5(32— EZ JC:;—' E25C1
Er 3,—E" 31— E730

By adding 3C;; times the first column to the (i+1)th
column, i=1, 2, -+-, n, one obtains Eq. (14).

Illustrations

The three examples discussed here are chosen to
bring out certain aspects of the MLM. Applications to
physically more interesting problems, e.g., many-elec-
tron systems, are in progress.

First we wish to illustrate that the roots of the MLM
secular equation coincide with the exact eigenvalues if
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space of H at which ¢(xy) #0:
1 1 C‘Cl(Xo) Rn—l(xo)
E 3Ci(x)  3Ca(x0) 3a(X0)
det | K2 5@2(3(0) Jc:;\(Xo) Can+1(Xo) ={,
E* 3Ca(X0) 3Cati(Xo) JCan—1(Xo)
(14)

This secular equation (14) can be derived as follows:
(1) Let N
¥ (%o) = D_ciH 9 (%)

=1

(15)

(2) Determine the ¢; and E from the » simultaneous
equations

HY(x0) =Eq (%)  (k=1,2,---,m).  (16)
The justification for imposing Eq. (16) is the local-
moment lemma. Such a y(x;) has the property that

the first # local moments of H at X, are powers of the
local energy. With Eq. (15), Eq. (16) becomes

SH - BYHAg(x0)ci=0, (k=1,2, -+, %), (17)

=1
which has a nontrivial solution for the ¢; if, and only if,
det | H*1¢(xy) — EXH™1¢(x,) | =0. (18)

Divide each element of the determinant in Eq. (18)
by ¢(xo), and rewrite the determinant as an (n+1) X
(n+1) determinant whose first row is (1,0, 0, ++-, 0)
and whose first column is (1, E, E?, «++, E"):

0
3C,— E3Cay
Hnp1— F23C,y | =0. (18"
3Can—a— Er3Cn

the basis is complete. Consider a somewhat artificial
case, a spin-3 particle in a magnetic field B pointing in
the x direction. The Hamiltonian is

H=bS,, (19)

where b lumps together various irrelevant constants,
and S; is the « component of the spin angular momen-
tum. Take ¢ =a (a and B are the usual spin functions
quantized in the z direction), and assign « and 8 the
arbitrary (i.e., “local”) values 4 and B. Equation

3 By “nth-order energy” we mean an appropriate root of the secular equation in which the highest power of E is the nth.
* R. L. Somorjai, “Method of Moments in Quantum Mechanics” (unpublished); see also S. M. Blinder, Intern. J. Quantum Chem. 1,

271 (1967).
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£ (14), with =2, becomes
< &,
= % 18 1 1 1bB/ A
N-JPN o .0 e
3.2
iR det) E }bB/A i | =0 (20)
S &« ge
g | R3E ,:;, Er i ¥B/A
a K H o .0 S
s e = (B —10) (1F) (1—BY/4%). (21)
o - o8
5 % % é § 2 % :55 The roots of Eq. (21) are
X ; B
N o =R E=--3b {22)

. o3 2%
fﬁE - oo o o 5_? the exact eigenvalues of H (as expected), independent
U % g é g 828 é 8 of the values assigned a and B, provided 425 B2 This
& i R < 3 example illustrates another aspect of MLM—that it
?" © =3 can fail for certain choices of X%o. In this case, the
= ‘Sg “.chi)lice” A =4 B makes the secular determinant iden-
e & A tically zero.
=l . I8 22 |58 The second example illustrates how the accuracy of
By =+ 0~ D o + . .

-z S a ;‘ RN the approximate energy is related to the closeness of
g e =E the initial ¢ to the exact wavefunction. Consider a
T = + % . . . . :

I - wo || =¥ spin-1 particle whose S, eigenfunctions are | 1), | 0),
<) 2 288 S Ay and | —1). Let
E|FIE| wes ess|id o=] 1)HN3( )+ —1)), (23)

310 g2 o .

S LN o o G where A is a mixing parameter. Take =2 in Eq. (14)
= 51's g =28 238 8y 7 .

E - IBD SE2 |g5 (for =3 the basis would be complete), and assign
gl 2 RIS o o o ég [1), ] Q}, 1andvlv'_h1 )I}he;localtll values” 4, B, a;nd CE
s g o o respectively. 1t =.5,, the exact eigenvalue o

= ] o ~ < . ) . .

£l £ g % § é 2 g é § I'1) is 1, whereas the approximate E from Eq. (14) is
N BanE TEET s E=1-X"[2BC/(84C+AB)1+0(X?).  (24)

Q © . .
§ s Thus, the error in the approximate energy is of the
g S order of A1, which is the same order as the error in ¢.
= “g _§ 'F}:)r a third example, consider a harmonic oscillator
5 g7 : wit
K axe  oa 5 H=—}(d/dx)*+3(1+n) % (25)
o =
= c and take
=8 i 6= exp(—1a?). (26)
g 2 S aa 2 ‘§ (If » were 0, then ¢ would be an exact eigenfunction
G = i . = with E=1.) In Table I, the values of E computed from
£ i 3 3 2 ’ P
= = g8 ggg |d = Eq. (14) for several values of xy, 9, and » are listed. Note
£ 2 E E n =83 PR that for a given #, the computed energies are not too
%"30 ~N oo N e || EE f; sensitive to the value of xo. When x, was taken to be
g Rk 1vZ, however, the method failed because of difficulties
= % 388 % 228 e similar to those in the first example when A?= B2
P RAvE nERR | ERE IV. METHOD OF LOCAL MOMENTS:

2 °e° s GENERALIZATIONS
I3 8
. Egg It is possible to generalize the MLM in two direc-
. g g s .g‘é tions. First, more than one starting function can be
O ;g g used; second, the moments can be evaluated at more
=44 than one point simultaneously.
‘é% ? Consider first a set of n starting functions {¢,
PEt b, +*, $af. Let
e 3 > S
5% | - - SEt V0x) = o).
55 |- - FEf -
& & Require Eq. (2) to hold for k=1, 2, «++, #. Then the

Downloaded 01 Jul 2005 to 128.220.23.193. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ENERGY CALCULATION BY THE METHOD OF LOCAL MOMENTS

equation for the nth-order E becomes

1 ¢i(%0) @2(Xo) $n(Xo)
E  Hér(x)) Hea(X) <+ Hou(Xo)
det| - =0.
E* Hrgn(xo) Hro(Xo) Hrgn (%)
(27)

(H—E)$ (%)
(H*— E*) $(X0)

.

de

bas

(H~E)$(x1)

Similar equations can be derived for the case when the
“local moments” are evaluated at an arbitrary number
of points.

These two approaches can also be combined. For
instance, take the 2x basis functions {¢;, Hey, **°,
H1¢,, ¢g, Heps, =+, H*'¢p,} and require Eq. (2) to
hold at two points, X, and x4, for k=1, 2, -+, #. These
21 simultaneous equations lead to an obvious secular
equation for E.

V. DISCUSSION

The main computational advantage of the method of
local moments is the absence of integrals. Approximate
wavefunctions may be used which would not be suit-
able for variational calculations because of integral
evaluation difficulties, e.g., explicit functions of inter-
particle coordinates. A second advantage is that the
accuracy of the calculated energy can be improved
systematically by increasing # in the secular equation
[(14), (27), or (28)7]. The harmonic-oscillator example,
Table I, shows this clearly. In contrast, the main way to
increase accuracy in the LEM is to take a larger num-
ber of points, which must be chosen somewhat arbi-
trarily. Moreover, the choice of xq is not so crucial as
in the LEM. The main advantage of MLM over MM
[Eg. (11)]is that in the case of singular Hamiltonians,
the higher moments [Eq. (12)] may diverge, whereas
the local moments do not.

The method also has disadvantages. There is no
variational principle. Although the choice of X, is not

(H?— EH)$(X)

(H'— E’H) ¢(X0)

(H~E"¢(x) (HM—EH)$(X) -+

(H*— EH)¢(x1)

(Hr~Em¢(x) (H""—EH)¢$(x1)
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[We have multiplied the kth column by ¢:(X;).] This
equation could be called a local configuration-interac-
tion secular equation. Notice that the original Eq.
(14) is recovered by choosing the special basis func-
tions ¢;=H gy,

Secondly, consider the requirement that Eq. (2) hold
not only at X,, but simultaneously at x;, and let the
number of basis functions H*'¢ be 2%. Then the secular
determinant has the form

(H*n—EH™ 1) $(xo)
( Herntl— E2H2n-—-l) d)(Xo)
(Hr1— ErH") ¢(X0) | =O0. (28)

(H»—EH*™ )¢ (%)

(H*r—— ErH™ ) ¢ (x1)

as crucial as in the LEM, certain values of x, might
cause the secular determinant to vanish identically (see
the illustrations above). Note that the roots of the
secular equation can be complex. As » increases, the
determinant in Eq. (14) tends toward zero, which can
cause computational difficulties. Another disadvantage
is the large number of terms in H"¢ when H is the sum
of several terms.

A final disadvantage is the present lack of a suitable
convergence test. Suppose ¥(X,) satisfies Egs. (4) and
(14). Then,

(E—E)¥(x0) = 3o coxs(%o) (Ei— Ex)

f=n+tl

X fI(Ei—E,-) (E—E)™. (29)
i

If E is near K, and if the coefficients ¢; fall off rapidly
as ¢ increases, then

‘ E(n) —E1 iNI Cn+1(En+l_E1) l; (30)

where E(n) denotes the sth-order estimate for E.
The following rough observation can thus be made: If ,
by choice of the basis functions, can represent an eigen-
function of H accurately, then increasing # increases
the accuracy of the calculated energy.
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