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A seriesin the internuclear distance R is derived for the two-center Coulomb integral between noninteger-#
Slater-type charge distributions. There are in general two types of terms: R2N+* and Rutnt$tN (N =

0,1,2, «-+52= lll—lﬁl: lll—lzl +1, -

+, I1+1ls). Most of the coefficients are found from the coefficients of

the overlap series by exploiting {V? (Coulomb integral) = —4r (overlap integral) }. When » and #s are
not integers but »n;+#nz is, the series contains logarithmic terms. The series is for general values of n1, ns,

b, bey my, ma, &1, b2, and R, and it converges for R< .

INTRODUCTION

HE two-electron two-center six-dimensional

Coulomb integral with noninterger-n Slater-type
charge distributions was reduced to a one-dimensional
integral by the Fourier-transform convolution theorem
in a previous paper.! In this paper we derive a series
expansion in the internuclear distance R for the final
inteégration. As for the overlap-integral series (pre-

Uitla
Crytymsg iinstamats (R) =M g Mugat, i 87"3/2(2>‘+1)1/25)‘(l‘2; ma; b, my) Yim—™1 (g, ¢r) 7)‘n1113’x;nzlzt‘z(R) »

A=|l1—l2|

Poitsnataa(R) = (167%) 7 (—1) 1

All the symbols undefined above are defined in I. The
series for ¥*(R) could be obtained by the same methods
used for the corresponding $*(R) of the overlap
integral? but a much simpler procedure is to exploit
the Poisson equation between Coulomb and overlap
integrals?

V2C(R) = —47S(R), (3)
which takes the form
[—RY(d/dR)* RN+ RIIW(R) =$MR), (4)

where $*(R) is defined by Eq. (6) of II, and which
follows immediately from the spherical-Bessel equa-
tion*?

By (kR) =[—R(d/dR):RHANA+1) R (kR). (5)

* Supported by a National Science Foundation Grant,
H. ]. Silverstone, J. Chem. Phys. 45, 4337 (1966), hereafter
referred toasI.
2 H, J. Silverstone, J. Chem. Phys. 46, 4368 (1967), hereafter
referred to as II.
3 K. O-Ohata and K. Ruedenberg, J. Math, Phys. 7, 539 (1966).
4 Handbook of Mathematical Functions, M. Abramowitz and
I A, Stegun Eds. (National Bureau of Standards Washington,
D.C., Appl. Math. Ser. No. 55, 1964): (a) . 437, Eq. (10.1.1);
(b) 437 Eq. (10.1.2); (c) p. 258, (62 1) (@) p 263
?668) (e) p. 561, Eq (154 1); (f) p 559 (g) PpP- 557—558

ceeding paper?), the series is for general m, ns, L, b,
my, ma, {1, {2, and R, converges for R<«, and has
logarithmic terms when #i;+#,= integer but
integer.

The series themselves are given by Eqs. (1), (20)-
(23), (26), and (27).

FORMULATION
We start with Eq. (18) of I in the form

(1
B dkfnllm(k)fmlﬁ’z(k)j)\(kR) . (2)
DETAILS: 7, +#n:#INTEGER
Assume m+n.7 integer and write

T R) =D _vy*R¥, (6)

N
SMR) =D_Sy*RY. €

N

From Eq. (4), one obtains

Y =[(A=N) A +N+1) '8y, (8)

which determines all the coefficients of the y(R) series
from those of the 8(R) series, except the coefficient v,
[since the lowest power of R in $*(R) is R* (see IT)].
Except for A= | 1—L |, we use (for small R)®

r(ER) ~PAVRY (2N 1) | (9)
along with Eq. (2) and with Eq. (6) of II to obtain
= (1— )18, A2 (10)
With one more coefficient, v,;,—1'%%!, and Egs. (8)
and (10), the entire series can be determined.

COEFFICIENT OF Rlu—l

First assume 5,>/J. [At the end we obtain the case
L<l by switching my, &y, £y with n, b, {> and multiplying
by (—1)u*; the h=L=1 case was given by Joy and
Parr.5] After manipulations similar to those leading to

*H. W. Joy and R. G. Parr, J. Chem, Phys. 28, 448 (1958).
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4378 HARRIS J. SILVERSTONE
Eq. (11) of II, we obtain from Egs. (2), (6), and (9), when 5>,
st = —i(2m) =L — 1) 12t — ) 1 (2h— 2p+1) 1T (= -+ D T (ra— 1)

(34 13 123
[ [(2 2)" gy [(22) st
I dx, dx

The integration path (which is just the contour A; in Fig. 3 of II) starts at -b-oo, circles the point {1
in the counterclockwise sense, and returns to -;-o. At the beginning of the contour, arg({1—x)=—mn,

and arg({a+x) =0.
Integration of (11) by parts focuses attention on

(2 (d/dx) 11?2 (d/dx) ]2 (12)
which, by Eq. (14) of I, is equal to

b3y (o) ) (= 1) (d)""”xh_h.ﬂ_,‘rz(d)”"", (13)

w1t pa=0 2P0 (l—piy) Wlo—pa) lpa lpss!

dx dx,

but which also is equal to
w7 (d/day 2o a1 (d/ da) Jutetp2htle2, (14)

If in Eq. (14), all (d/dx)’s are written to the right, the lowest power of x multiplying the derivatives
is 7 [i.e., ~a~1(d/dx)¥*7]. We obtain the single ¥ term from (14), use Eq. (13) for the nonnegative powers
of x, and obtain .

( . d)h ” (d )12 20120 | (d)?iﬁ-l
7l — g2 | — x—1 E . A o
dx. dx 2512h+1)1 \dx

B G k) (=) (d)"“‘“ xl,-z,,_m—wz(d)w. (15)

- = =
pimo pe—o  260te(fi— )y Wlo—puo) Yy e ! \dx dx
(I1—ig-22p14.82)

Substitute Eq. (15) into Eq. (11) and use?

= L Y e (), (16)
D—le—ur-ur—2— —6 _ S
x (({1+§2)> frant o ( Iz) ($1—2) f a) R

(s}
/ dx( g-l — x) li—lo—nr—ug—3—M ( §'2+x) ug—ne—1+-M
= - 2iw(§1+§2) l-lg—ni—ng—37 (1’&1‘{“%2— Z1+12+3) [P (n1+ﬂ2_ll+l2+3+M) r (77’2—!42’*‘ 1 _M) ]‘13 (17)

and
@)
/ dx x——l (gvl__.x) I1—ny=1 (§-2+x) —lg—ny-2
= —Zimby il et (e — b B 3) [T (i — b+ 1) T (e b+2) 12 Bryrgran (e +b+2, m—h+1), (18)

where B, (8, ¢) is the incomplete beta function,*d® to obtain

‘Z‘ 2o (htp) Wbtps) (= 1)#T (m—pt1)

f10 pom0  280He2(— ) H(l—pa) Y lua 1T (ua—~#02)
(It l2—-22p1pp2)

2hta(f— ) |
(2h—25F1)!

(hlompina-2 [ h—l—p—pp—2 o M
T ( e Dt D)
M

ViG> b} = —

T (ﬂ1+nz+ 3— l1+ 12) ( §-1+ §‘2) p1+m—m—nz—-1§-2h—lru1-u2—2

M=0 F(”1+ﬂ2+3”51+l2+M)

(h—k) B!1(20) |

G2t D) L)1 | bt 3= R By gy (b bt 2, m—he ). (19)
17 &g - :

+

¢ Higher Transcendental Functions, A. Fxdélyi el al., Eds. (McGraw-Hill Book Co., New York, 1953), Vol. 1, p. 115, Eq. (5).
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Combining Egs. (1)-(19) with Eq. (32) of II, we obtain
'Y)‘nlllh;mlz{z(R) = %( - 1) laRmitnats

4 & (htu) (lotu) ! 2T[5 (mtny+3+N=42) +1]
—R)¥
X,,u2=o uzz=:0 Nz=:o( ) 2wtue(fy — ) V(o — ) lu lpe! T3 (mF-ma+3+N —N) +1T (1 +-n0+-542+N)
X sinm sinmu, )
1 _1 o+ N—M =~ _1 M 7
X A;) ( +(=D sinm (m-+ns) +(=1) sinm(n1+n2)

XEMeN MM VN — M) T (i — a1+ M) T (ne—pe+-14+-N— M)
__Z‘: f: ZRZN“ (htwm) Wbtp) (=1 T(m—wm+1)  22Q4N)!

B10 #2=0 N=0 2“1+“2(ll-—u1) !(lz—,uz) ![Llll.lz! I‘(,Ltg—m) Nl(2N+2>\+1) !
(2N4AZp14H24-2) .

XT (n1+n2+3 —2N _)\) (f’l‘l‘fz) m+u2—n1~nz—1§-22N+>\-m—y2—2
2N+)\—i#uz—2 <2N +A —#1"‘112—2) T T (ue—ne+M)
2

X

B\, t1—tal Amylg satar2 R0, (20
T it 3—2N —NF2) Fon 11191 Bnatieimataga R (20)

M=0

where for® [j=1,=1,

Anyipsinstrs= T (m1+124-3) (204-1) 71
XL 2By e (e 1E2, 1 — 1) o2 By e (mHAF2, ma—14-1) ], (21)

for h>5 [Eq. (19) ],

Anyirinatge= (h—0) L1(20) 1L (20 —2L+1) 1 (254-1) 1T

and for L<ls, XY (mtnat3—htb) (™ 2By ey (et -2, m—h 1), (22)

Anstgymatay= (— 1) W+ (l—h) th1(20) [ (20~ 24+1) (25 +1) 1]
XTI (mtnyt3+h—b) {2 By g (a2, me—R+1) . (23)
INTEGER CASE
When # is an integer while #2 is not, Eq. (20) must be modified by

2N+ h--p1—po—2 2NHA—p1—pg- 2
— . (24)

M=0 M=max {0 2N+ —n1—us—2}
When 7, is an integer while #; is not, the modification is

2N+A—pi1—puo~2 min {2N4+A—p1—pns—2,n2—pu2}
-
M=0 M=0

When both #; and #, are integers, Eq. (20) takes the following form [cf. Eq. (37) of II]:
Prorngpnaia(R) (71 and #s both integers)
_ Z Z 3 g (htpa) Hltue) (= 1) 22(m1—p1) H(me—pa) | 22(NEN) (m1+-ne4-2—2N =) |
B0 p2=0 NZ0 2urtie () — ) 1(lp— pao) T la ! NIQN+241)!

(H14-s2 <2N+)\ 2=<n14n2)

min PN-Agi=pa-2na-ug) [ 2V HN—p1—pp—2
X ( a+ 3-2) m—Htz—nl—n2—1§-2N+)\—ﬂ1—#2—2 t ( —¢ 1) Mg M
M

M=max {0, 2N+ —n1—u2—2}

(25)

X[ (mtpet2—2N =A+M) Hna—pa+-1—M) U405 10—t Aty nataea R 43 (— 1) Rmitnrts
L& e (htw) H(ltu) | 2[5 (mtne+3+N4N) +1]
—R)¥
X;qgl m2=o Ié)( ) 2evbee () — ) 1(lg—p2) Ypa lue! T3 (maF-124-34+N =) +1](m+n+4-+A4+N) 1

N
X D[ 14 (— 1) wtntM Je MEN—MT AL V(N — M) T (i —pa+M) V(o —pua+-N — M) | — (— 1) nitiati
M=0

th: ‘IZ: ZRZN‘”‘ (htw) Wlatp) Hng—pa) ! 22AN) LN A —p—pp—2) !
B1=0 p2=0 N Qertee(— ) W l—po) Yua ! N1Q2N420+1) |2N A —n1—n—3) |
@NAZn14n24-3)
nicu f 1ML 2N+ N—m—ny—3+M) |
1Fug—ni—na—13 2N+A—n1—u1~2% ni—p1 ; Mp —M
ke o e 'i ( M )h * @NN—m—p—2+M) 1

M=0

(26)
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LOGARITHMIC CASE
As for the overlap integral [Eq. (41) of II], when #; and # are not integers but #,+#. is, the series [Eq. (20)]
fails. The correct series is found (by L’Hospital’s rule) by multiplying Eq. (20) by #~1(—1)"*n sinr(m—+n,),
next taking (d/dnms), and then setting m-+mny= integer. Logarithmic terms enter from (d/dn,) Rmret3+N  and
¥(x) denotes (d/dx) logI'(x). The result is
Yoastgunaga(R) (logarithmic case)

h & () W) (= D#T (g —m+1)  P(A+N)!
- — R2NHA
Eo uzz=:0 sz% 2ty — iy | (ly—pto) iy Yo 1T (pz—122) N 1(2N+2AF1) |

(H14-H#2 <2NHA—2<n14{n2)

IN+HA—p1—ps—2 2]V+>\ M1 M 2
X (n1+n2+2 —2N _)\) 1( fl‘!‘ h) M1+u2—n1—n2—1§-22N+)\—m-;42—2 Z ( §1M §-2—M
M=0 M

T (pa—na+M)
I'{(m~4pe+3—2N—r+M)

X33 SRy (htm) (btw) ! 2T (mtnet3+N4N) +1]
=0 pgm0 N=0 2urtir(ly— ) (lo—pa) lialue! T[3 (mtne+34+N—N) 1]

+5Mll—rl2lAn111n;n219£’2RI helal 43 (— 1) bRnstnats

[ (mtnat4+N-H2) 1

N
X DM MM V(N — M) T (m—m 14+ M) T (na— o+ 14N — M)
M=0

X (14 (=1) 5 cosmm—+-n~1(— 1) sinam[ (— 1) trtniter¥ — (—1) 8] {logR-+3[3 (mt-na+34+N-0) +1]
— W0 Ot 34N =) 11— YD mart S+ N-ANTHy (gt 14N — M) )+ (— 1) s

L oG e (htw) Hlatus) T (m—m+1) T (me—pe+1) 22(NN) |
R2N+)\
X,Eo ,.g 2 it (L, — ) lp—pin) Yo i I 12N+ 20 1) !

(2N4AZn14n243)

X [( 2N+)\ —H—Hy— 3) !]—1 (§-1+§-2) u1+u2—n1—nz—1§-22N+)\—m—p2—2

ONA—p1—pp—2 2N+A —,ul"—/.zg—z
X S M (ug—ne+M) [T (m—4ue+3—2N —A+M) Tz~ sinway
M=o M
X[ = log(§1+52) +¥(ua—mn2) + 2N 4+N—m—ny—2) = (ua—ne+M) J. (27)
REMARKS

The convergence of the $*(R) series and Eq. (8) indicate that the y*(R) series converge absolutely for | R | < .

Alternative forms of the coefficients yx* may be found by expressing the 2y of Egs. (20), (26), and (27) in
terms of hypergeometric functions®* and then using the linear transformation formulas.* The hypergeometric-
function contiguous relations® also yield recurrence formulas for the ya*.
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