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Comments

Association Times of Counterions to
Polyelectrolytes in Solution

Juius L. Jackson*
Howard University, Washington, D. C.
SexEIOR Lirson
Massachusetts Institute of Technology, Cambridge, Massachusetls
and Weizmann Institute of Science, Rehovoth, Israelt
AND

Sam R. CorieLL

National Bureau of Standards, Washington D. C.

In a recent paper Manning® studied counterion flow
in polyelectrolyte solutions under the combined influ-
ence of an external electric field and the electrostatic
potential of a polyion and discussed the work of
Huizenga et al? on the electrolytic conductance of
polyelectrolytes, interpreted by them on the assump-
tion of counterion binding. Manning then made the
following comment on a paper by two of us®: “Thus,
the failure of Lifson and Jackson to find, in the ab-
sence of an external field, a long time of association
of a counterion, considered as a Brownian particle,
with an individual polyion does not mean, as we have
seen, that the data of Huizenga e! al. cannot be ac-
counted for by electrostatic forces.”

This statement confuses two distinct issues. Wall
and his associates*4® performed different kinds of
measurements. One was the ionic conductance of Na¥
counterions in polyelectrolyte solutions, which was
found very low as compared with ionic conductance
of Nat in simple electrolytes. This reduction of mo-
bility was attributed by them to counterion binding
by the macroions. Another experiment involved the
transference of radioactive tracer counterions across a
frit in an otherwise homogeneous solution. They found
the tracer ions to migrate both from the cathode to
the anode and from the anode to the cathode across
the frit. They attributed this phenomenon to a very
long time of binding of the Nat to the carboxyl ions,
of the order of minutes.*

LETTERS TO THE EDITOR

5045

Now, Manning' did not discuss at all the problem
of long times of association, while Lifson and Jackson®
studied this problem in particular and actually deduced
that neither ion binding, which has an association time
of <1078 sec, nor the entrapment of the counterion in
the electrostatic potential of the macroion, which has
an “escape time” of <1072 sec, could account for such
long association times.

We feel that correcting Manning’s comment is worth-
while, because even though almost two decades have
passed since Wall’s tracer experiments were published,
there is still no satisfactory explanation for the phe-
nomenon of migration of counterions for long times and
distances both towards cathode and anode directions.

* Research supported in part by the U.S. Office of Naval Re-
search and the National Science Foundation.
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Reply to the Comment of Jackson, Lifson,
and Coriell

GERALD S. MANNING
The Rockefeller University, New York, New York 10021
(Received 16 January 1969)

The criticism of Jackson, Lifson, and Coriell is well
taken. For the sake of clarity, however, I wish to point
out, first, that the remark quoted by them was only
incidental to my paper; second, that we all agree! that
the problem to which I addressed myself, namely, the
mobility of the counterion (sometimes negative!),
was correctly solved.

18. Lifson (informal discussion).

Convergence Properties of Certain For-

mulas for Multicenter Electron Repulsion

Integrals Obtained from the Bipolar
Expansion of 7,,—'*

Harris J. SILVERSTONE AND KenneEtH G. KaAY}

Department of Chemistry, The Johns Hopkins University,
Baltimore, Maryland

(Received 16 January 1969)

Recently, formulas for multicenter electron repulsion
integrals over Slater-type atomic orbitals (STO’s) were
obtained via the bipolar expansion of 713! in terms of
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spherical harmonics and generalized Laguerre poly-
nomials.! Here we point out that these formulas have
the nature of asymptotic expansions, that they are
divergent, and we indicate where in the derivation the
transition to a divergent expresion occurs.

The SBR! formula [Eq. (5.4) of SBR] for multi-
center STO electron repulsion integrals is an infinite
sum, each term of which involves the product of two
overlap-type integrals and a generalized Laguerre
polynomial. The convergence of the sum depends on
the behavior of these factors for large values of the
summation indices #; and #,. The Laguerre polynomial,
for large n, goes like?

L (%) ~nel2- g —1l2g—al2-114 exp (1)
Xcos[ (4nx+2ax+2x) 12— (3a+3) 7],
as n—o0. (1)

The behavior of the overlap-type integrals is difficult
to obtain for two-center charge distributions, but
relatively easy for one-center distributions. One would
expect the two-center overlap integrals with STO’s to
have a similar dependence on # as the one-center over-
laps. That dependence is

o™ (Za)~(—1)"(2n)¥ (Za) =L exp[ ~1(Za)?],
as n—w, (2)

where oyy™ is defined® by SBR Eq. (5.16). The Z is
an “orbital exponent” and ¢ is an adjustable parameter
set equal to Z7! by SBR. When Eqs. (1) and (2) are
substituted into SBR Eq. (5.19) for the two-center
Coulomb integral (the convergence properties of which
we assume typify the general four-center integral),

[AQa ! BQb]= Z Z QmLaMunszMb

n1=0 ne=0

Xon,LmMows L™, (3)

and SBR Egs. (1.26), (1.22), (1.16), and (1.15) are
taken into account, the general term in Eq. (3) can be
shown to have the asymptotic form, valid for large m
and #,,

LatLy
K’nlNan?Nbl:_ %ZGZ (012+a22) ]—m
L=|La—Ly|

X[ =32 (al~+a) T m~+m+3 (Lot Ly— L) —1]472
X [m+n+3(L+L— L) —1]! cos(an irrelevant mess),
4)
where K is independent of #; and #,. As 7, and ny—
the [ni+n+3(h+L—L)—17]! dominates, the mag-
nitude of the term (4) clearly —», and Eq. (3) di-
verges. By inspection of Eq. (4), however, Eq. (3)
has the form of an asymptotic expansion* in inverse
powers of Z2(a*+a?) and Zp*(a?+-a?).
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The question naturally arises where in the deriva-
tion of SBR’S STO formulas did the expressions become
divergent. The explanation involves a subtlety not too
frequently encountered: an infinite series which cannot
be integrated term by term. In the evaluation of the
four-center STO electron repulsion integral, Eq. (5.1)
of SBR, one first substitutes SBR Eq. (1.3) for 75!
and obtains the integral [cf. SBR Eq. (1.4) ],

I=/ dVqua*(g‘an)qu(fbrlB)
X Viym (61, ¢1) J1y1,.(r1, 72, R), (5)

=212 f AV 1Xga*(§al1) X o (CoT18) ¥ 1ymy (61, ¢1)

X [ dkju () ju(kr)ju(BR),(6)

where we have taken r;=r14. (We discuss only [dV,
but the argument is equally valid for [dV,.) SBR first
expand 71, (k1) in generalized Laguerre polynomials,
then integrate over dVi term by term, to obtain [cf.
SBR Egs. (5.5), (1.25), and (1.8)]

I= 3 25(qu gv, g0 [ dk exp(—1a)
ni=0 [}

X (kay)* ™4y, (kra)jr(RR) . (7)
It is the step

f AN f v,

which is illegal for STO’s. Examination of Egs. (6) and
(7) reveals that the function

I, =exp(1k*a:?) f AV 1Xq,*(al1)

XXqs (§3118) Vigmy (01, $1) 70 (Rr1),  (8)

has been expanded in a Taylor series in k. Apart from
the exp(}#%a?), I is essentially a finite sum of the func-
tions Gpuademtt(k, R) which occur in the Fourier
transform of a two-center charge distribution.? Since
the G’s have logarithmic singularities at k= 24({a+¢5)
(in the one-center case, the singularities are poles),
the power series for I, diverges when | & | >¢.+&, and
in particular, that part of the & integration from {.4¢s
to « in Eq. (7) has thus been evaluated incorrectly.

That SBR’s formulas for STO multicenter integrals
diverge does not rule out their possible usefulness. When
the orbital exponents are all large, if the dominant
part of the % integration comes from the region % less
than the sum of the orbital exponents, then the for-
mulas may be useful as asymptotic expansions.

* Supported in part by the U.S. Army Research Office—Durham,
1 National Aeronautics and Space Administration Predoctoral
Trainee.
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Comments on the Convergence Properties
Observed by H. J. Silverstone
and K. G. Kay

K. RUEDENBERG AND Lypia S. SaLmon
Institute for Atomic Research and Department of Chemistry,
Towa State University, Ames, Iowa 50010
(Received 6 February 1969)

In connection with further work on multicenter
electron repulsion integrals we, too, had recently noted
the divergence of our previously published expansions
for four-center integrals between Slater-type atomic
orbitals. On the other hand, the corresponding expan-
sions do converge for Gaussian-type atomic orbitals;
they are in fact finite. This circumstance seemed to
suggest to us that the expansions for the STAO inte-
grals would be asymptotically convergent, since the
following argument can be made: For a given exponen-
tial charge distribution exp(—{r), it is possible to find
a Gaussian charge distribution exp(—ar?) such that,
within a desired accuracy, both charge distributions
can be set equal to zero for r>R, and exp(—{r) <
exp(—ar) for r< R, where R is appropriately chosen.
Since it is possible to find a convergent expansion for
the Gaussian charge distribution, the first terms of the
corresponding expansion for the exponential charge
distribution might be expected to approximate the
integral within the desired accuracy.

We are appreciative that H. J. Silvertone and K. G.
Kay have analyzed the problem in detail and demon-
strated the asymptotic convergence.

Errata

Erratum: Classical Theory of Rotational
Relaxation of Diatomic Molecules

[J. Chem. Phys. 47, 4199 (1967)]

GEorGE C. BEREND

Physical Sciences Department, McDonnell Douglas Astronaubics
Company, Santa Monica, California
AND

SipneEy W. BENsoON

Department of Thermochemistry and Chemical Kinetics, Stanford
Research Institute, Menlo Park, California

Errors in plotting of the experimental relaxation
times and collision numbers have been kindly pointed
out by R. C. Amme.
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Fic. 3. Rotational relaxation times 7oz vs temperature. -~ -,
p-Hr-He; ¥V, Jonkman and Ertas; ——, p-Hy—p-Hs; O, Jonkman
and Ertas; [], Geide; A, Van Itterbeck and Verhaegen; ——,
o-Dy-He.
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Fic. 4. Collision numbers Zy; vs temperature. — — —, p-Hy-He;
7, Jonkman and Ertas; —-—, p-Hy—p-Hs; O, Jonkman and Ertas;
[, Geide; A, Van Itterbeck and Verhaegen; ——, o-Dy-He.
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